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Abstract

Inthis work we review Kullback-Leibler divergence and Jeffery’s distance divergence measures for the flexible family of
multivariate R-norm.we use jefferys divergence measure to compare the multivariate R-norm. A J-divergence Measuredbased on
Renyi’s-Tsallis Entropy much like kullback-Leibler divergence is related to Shannon’s entropy .in this paper ,we have characterized
the sum of two general measures associated with two distribution with discrete random variables.one of these measures is
logarithmic ,while other contains the power of variable named as J-divergencebased on Renyi’s -Tsallis entropy measures. Some
illustrative examples are given to support the finding and further exhibit and adequacy of measure.
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1.INTRODUTION
1.1 KULLBACK-LEIBLER DIVERGENCE (KL- DIVERGENCE)

The relative entropyy from Q to P for discrete probability distributions P and Q specified on the same sample space is defined
asin[12,13,15]

Q(x)

= D, (P1I1Q) = _erxp(x)l()g%

P(x)

Dy (P Il @)= e 5 P(x) log o5

This study has developed several new generalized measures of relevant relative information and examined their specific cases.
These metrics have also yielded novel and useful information measures, as well as their relationship with various entropy
measurements.

Relative entropy Entropy is only defined in this following way

(1) If, for all x, Q(x) = 0 = P(x) = 0 (absolutely continuity)
(2) fQx)#= 0= P(x) =+00

For distribution P and Q of continuous random variable ,relative entropy is defined to be the integral
_(t® p(®)
Dy (P 11Q) = f_oo p(x) IOng)dX

P, q are probability densities of P and Q.
It has the following properties:

1) If P and Q probability measures on a measurable space y, and P is absolutely continuous with respect to Q, the relative

entropy from Q to P is defined as

2) Dy (P 1 Q) = [log(

P(dx)
Q(dx)

P(dx)
Q(dx)

) P(dx),where is the Random-Nikodymderivative of Q with respective to Q.
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3) By the chain rule this can be written as

P(dx)
D (P Il Q) = [ 5510872 Q)

Which is the xey,entropy of P relative to Q.

4) If pis any measure on yfor which
P(dx) = P(x), u(x) and

Q(dx) = q(x), u(x)
Meaning that P and Q both absolutely continuous with respect to p .Relative entropy from Q to P is given by

Diu(P 1l Q) = [ () log (52 w(dx)

1.2 Entropy type measure and KL -divergence
1.3 Definition

Let P={(py,p2, s e ., 0)},V 0 < p; <1 be a discrete probability distribution of aSet of events E = {E;, E;, ... e cev ..., E} ON
the basis of an experiment whose predicted probability distribution Q = {g;,q2, .« ..., @n} , 0 < ¢; < 1, in information
theory ,the following measures are well known:

H(P) = — Xi 1 pilogp;
1.3 Definition

In order to understand how the KL divergence works ,remember the formula for the expected value of a function .given a
function f with x being a discrete variable, the expected value of f(x) is defined as

XIF@] = ) f6)p@)

Where p(x) is the probability density function of the variable x. for the continuous case we have

X[Fl = [7 fG) p(x)dx
1.4 Definition

Ratio of L2

g(x)
It is evident from a review of the definitions of the anticipated value and the KL divergence that they are fairly comparable.
f (X))

while decidingZ (x) = (10gm

We can see that:

@)
X[Z0O)] = Xoepi) <log %)

= f_oom f(x)log (%) dx
=Dy, (F 11 G)

Let us examine the quantity % first .We can compare two probability density functions, let's say f and g, by calculating their

ratio.
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L@
Ratio = s

1.5 Definition
1.6 Ratio for entire dataset

Using the product of the individual ratio and the full dataset X = x;, x5, ... ....., x,,, we can calculate the ratio of the entire set.
Be aware that this is only true if examples x; unrelated to one another

1.7 Definition
1.8 RatioVS. KL-divergence

The log-ratio proved to be a useful tool for comparing two probability densities, f and g. The predicted value of the log-ratio is

what the KL-divergence is Setting f(x)= log(f( )) results in

®
X2 = Xeerco | (10620

60
ff(x)l ( ())d

= D, (F I G)
1.9 THEOREM
What makes the KL divergence consistently positive?

Animportant property of the KL-divergence is that its always non-negative,that is Dy, (F,|l, G) = 0 for any valid FG .we can
prove this using Jensen's inequality.

Jensen'’s inequality states that, if a function f(x)is convex ,then

X[Z()] = f(X[x])

To show that Dg, (F, I, G) = 0 we first make use of the expected value:

Dk (F 11 G) = f f(x)log<<£ gg))

(x
- |75

Because —log x is a convex function we can apply jensen’s inequality:

“¥eer | (log )
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. [(log“""‘))] R
TN ARV
@)
—log | f (x) o
=—log [*, g(x) dx
=—logl
=0

1.10 R-Norm Measures

Some new generalized R-norm measures of useful relative information have been defined and their particular cases have been
studied.from these measure new useful R-norm information measure have been derived. we have obtained j- divergence
corresponding to each measure of useful relative R-norm information

We consider the function

=

R Zl 1u'1 pLqul -R R
Dr(P:Q;U) = @(1) ( uD; )
l:]_ Lt

1.11 J-divergence Measure

Let m= {s = (U1, Vg) ver cee e V) v, =20,p =12,.... ko Z’gzlvp = 1},k2 2 be set of k-complete probability distribution for

Shannon [2] defined an entropy as

H(e) = —Xk_1(v,)log(v,)

Forany ¢,6 € m,Kullback and Leibler[6,12] defined a divergence measure as

DK=L (e,8) = TE_,(v,) log (;—Z) .................. 1)

It is well known that DXL (g, §) is nonnegative, additive but not symmetric.To obtain symmetric measure, one can define
— —_ V.
J(e,8) = DX~t(e,8) + DXL(8,€) = ¥ _,(v, — w,) log (W—’;) ............................. )

This is referred to as the J-divergence. It is evident that DX~ and J-divergence share the majority of their features.It is evident
that if w=0 and v=0,D¥~! is undefined.this suggests that in order to construct DX~L, distribution E must be completely
continuous with respect to distribution f.

Litegebe and satish [25]define a new information measure as

Hi_y (€) = )
{L 1= Spervy) = Zpek(”p)ZOQ(Wp)+ za - 1(1_ p=1V) —

a-1

” n

A combination formulation of Havrda-charvat and Tsallis entropy of order was introduced in amount (1).
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A generalized usable relative information measure of order ” a” that Bhaker and Hooda examined given below

n a, l1—-a
Xis1 Ui piq; )
n
i=1 Uibi

1
D,(P:Q;U) = 1_alog(

1.12 Useful measure of j-divergence of type "a

Kullback and Leilbler[20] and Jeffrey’s[6] introduced a symmetric divergence called J-divergence of type “a” is given by
Ja(P:Q;U) = Do (P: Q; U) + Do (Q: P; U)

nopdglma
= ilog <21:1:1 pi di )’ a>0

1-a i=1 UiPi
In case utilities are ignored i.e. u; = 1 for each i

Equation reduced to

2 LapfaiT®
Ja(P:Q) == alog<

?:1 pi
2. Our Claims:

Claim I

(2{21 uiplq;™®

! log
Stup;

- )is a convex function of Q.
The steps that follow demonstrate this.

Step1: Forﬁ > 0,a > 1is a convex function of Q

no .
i=1 WiPi

n oa l-a
Let¢p = log (M) if we differentiate ¢ partially w.r.t. g; taking all p; and u; fixed then Y[~ ; u;q;
Thus, Y piu; = Di-; qiu; is constant
Hence¢ = ylog(TiL,w; pfiqi ™"

1
WhereE:, i = Xt qiu; >0

It implies

a¢ d _
Fre Y a: [log(u;piq;~)]

d
=V [logu; + logp;* + logq;'~]
l

apl-®
=¢[0+ pla +0]

4

1-a

pi®

a%¢ a (99
and = a—(—)
ap;? ¥ dp; \dp;
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a 1-a.,, —a
=¢aa—p(Pi pi™%)

= a1 - a)p,**'p, % + p " (—a)p; 7]
=ypal(l-a)ypl @1 —qgpl-ae1]
= Y a[(1 - a)p;** — ap;~*%]
=yYalp;"** — ap;"** — ap;"*%]
= pa(p;~** - 2ap; %)
=pa(l - 2a)p;~*"
= A positive value

n a_ 1-a
Zi=1UiPi qi

- ) is a convex function of Q.
i=1 Uibi

Hence, log (

1 . - . .
Step2:Fora < 1, — < 0 is a Monotonic increasing convex function of Q

. 1 . .
Since — > 0, for a > 1isa convex function of Q.

n a 1-—
iz UiDi q;

a
Therefore — log( - ) is a convex function of Q forall a < 0,
1-a Yizq UiPi

Provided, Y, p;%w; = Y, quup;* * ,a = 1. Since ¢(x)is monotonic increasing function of x. Then a > 1 gives

n o, pagl-a
log <Zl:1:l piai ) >1
i=1 Uibi

_— (zzzlui pfqz-a)

n
i=1 Uibi

= ¢(1)

Thus D, (P : Q; U) = 0. Since an increasing convex function of a convex function is a convex function and ¢ (x) is a is
monotonic increasing convex function.

Therefore D, (P : Q; U) is a convex function of Q.
Claim II
2.1 Relation between J-divergence and J-shannon

J-divergence [6,7,8]
J(psQ) =5D@ Il q) +5 D(p Il @)
1 i, 1 i
:EZipi logz—i+ 521’%’ IOgZ_i
and the Jensen-Shannon divergence [9,8,10]

JS-divergence (p; q) = %D(p I %(p + q)) +% D (q Il %(p + Q))

. — 1y pi 1y, .. qi
IS(p; q) ZZLplln%(pi+qi)+Zzlqlln%(pi+qi) ................. (10
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Are related by the inequality

S@;q) <min{t J@;q), In—2ost 2)
The inequalityis described by Lin [9]
1S @) <5 J@;q)
The first part of equation [1] is described by Taneja [10]
1S @) <)@ q)

We note that many interesting measures between probability distribution can be written as an f-divergence [23,24,25]

u@o =) nf(;)

qi
= ()
=0
The relation y((p; q) = 0 follows from an application of Jensen’s inequality [24] for convex function
(fO) = f(x)
Now suppose that we can write
fw(x) = f,(x) — kf,,(x),wheref,, f,, frare all convex and normalized and k is constant.
Then,
fw=fo—wf 20
Equivalentlyf,, >k f,,

The desired inequality given

1 1
fjeffery (x) = 2 () In(x) — Eln(x)

f; =2lln2+ixn
IS 7 2% 14x " 2 14x~1

fw(x) = fjeffery(x) - 4f]5'(x)

This inequality has the same form as the asymptotic scaling between Jensen-shannon and Symeterized KL-divergencefor
infinitely different distributions.

Jensen’s inequality (f (x)) = f(x) implies that

2 V<1 2
n1+ex - n1+e"

(1

)= iy P iy T
Therefore JS(p;q) = zZ‘p‘ ln%(p#qi) + zZl qi lni(mﬂh) (from 1)
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1 2 1 2
= Ez-pi In T EZ-qi In B
Yo 1+en ' 1+ e
< 11 2 N 1l 2
<zIn =In
2 l+exp{-D(pliq)} 2 1+ exp{—D(q Il p)}

< In - 2
1+ exp{jeffery(p; )}

. 2
ie.JS(p;q) < In 1+exp{jeffery(p;q)}

Therefore JS(p; q) = Jeffery(p; q) = 0 (if p; = q;)
andJS(p; q) = Jeffery(p; q) = +oo(if p;.q; = 0)

since the J-divergence range between zero and positive infinity, whereas the Jensen-shannon divergence ranges between zero
and In 2 ,this inequality has the correct limit and identical and orthogonal.

Conclusions

The KL-divergence is a widely used metric to assess how well the R-norm fits the data. It was demonstrated that generalized
relative entropies, whether Renyi or Tsallies, in the discrete situation can be readily extended to the measure-theoretic
context, much as in the case of kullback-Leibler relative entropy. The definition of new generalized R-norm measures of
meaningful relative information has been completed, and their specific cases have been examined. For any measure of
valuable R-norm information, we have a corresponding J-divergence. The metrics described in this study can be applied to
further information theory results and we also find theJ-divergence and the Jensen-Shannon divergence are shown to be
related by an inequality that involves a transcendental function of the J-divergence.
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