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Abstract - This paper presents a leap forward for finding
physical dimensions of a microstrip antenna patch of any
shape. A universal model (can be used for any patch shape)
has been proposed for virtual extension in patch perimeter
due to fringing fields in such antennas. The new model
contains terms that are specific for geometrical shape of the
patch. From this model, simple design formulae have been
derived for various shapes of the microstrip antenna patch.
Additionally it is very simple and straight forward to use.
The model eliminates need to transform one shape into
another for estimating patch dimensions. New formulae do
not require “curve fitting of data” or computation of
“effective dielectric constant” or “dynamic dielectric
constant”. The novelty of this paper is that for developing
mathematical model for microstrip antennas, first a theory
is propounded, formulae derived and then the results of the
formulae are compared with empirical data to validate the
formulae. Usually empirical data is plotted in the form of
curves. Design models are then developed and fine tuned
using curve fitting techniques. An expression has been
proposed for estimating the constant of proportionality in
the new model. The proposed theory also results in formulae
for (i) the ratio of fringing area to physical area, (ii) the
ratio of extension in patch perimeter to physical perimeter
and also (iii) ratio of extension in critical dimension to
physical critical dimension of the patch for different shapes.

Key words: Design formula, Electrical thickness of
substrate, Fringing field area, Microstrip antenna, Patch
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1. INTRODUCTION

When microstrip antennas were designed using half-
wavelength formulae there was a mismatch between
designed and experimental values of the resonant
frequency. This has been attributed to fringing fields in
antenna. To account for this mismatch the concept of
“extension in physical length” was introduced. Other
researchers introduced the concept of “effective dielectric
constant”. Yet others used both the concepts. Dielectric
constant of the antenna structure is an important
parameter and its treatment varies from researcher to
researcher. Dielectric constant, effective dielectric
constant and dynamic dielectric constant all have been
used in attempting to match one’s theory with
experimental results of someone else or of oneself. For the

rectangular shape a formula for effective dielectric
constant is in wide use that requires width of the rectangle
(W) while the exercise is for estimating width W and
length L of the rectangle. So a temporary value of W is
calculated by assuming the effective dielectric constant to
be average of the substrate dielectric constant (&) and of
the air. The purpose is to minimize the mismatch between
the designed and measured (empirical) values of
resonance frequencies. These concepts gave results
reasonably accurately. For increasing the accuracy the
concept of “dynamic effective dielectric constant” was
brought-in. Analytical expressions were developed for
rectangular shape. Other shapes were converted into
equivalent rectangular patches and analyzed. The area of
equivalent rectangular/circular shape was taken to be
equal to the area of patch under consideration [1-10]. Yet,
some researchers considered equivalent patch by keeping
the perimeter of constant size between the two shapes
[11-13]. The formulae became more and more complex
and difficult to solve. Artificial Neural Network (ANN)
models have been developed to match the results obtained
by curve fitting formulae. The unknown coefficients of the
model are determined by using genetic algorithm/ neural
network. The ANN networks are trained to output desired
results. Models are created (weights are assigned) to
obtain the results that the author desires. This process led
to different formulae for every shape of the patch. There is
hardly any correlation between them. Attempts have been
made to generalize the solution for microstrip antenna [2,
8, 14, and 15]. Even in these publications the discussion is
focused on rectangular, circular and triangular shapes
only. Elliptical and arbitrary shapes are rarely considered.
Multilayer perceptrons network with 3 learning
algorithms have been used [2]. The process of using ANN
is cumbersome for simultaneous solutions for different
patch shapes. In any ANN approach as the number of
shapes (and therefore models) increase, the complexity of
ANN increases. Auto-metric Graph Neural Network has
been used for prediction of microstrip antenna dimension
[16]. Characteristic Mode Analysis [17] and Machine
Learning approaches [18, 19] have also been used for the
same purpose. [15] has considered non-uniform fringing
around vertices and edges. There is a need for simple
formulae that quickly estimate dimensions of regular or
irregular shaped microstrip antenna patch. This paper
aims at developing simple formulae for estimating the
critical dimension of the patch and correlating the
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formulae for different shapes. This work has been
motivated by antenna designers who quickly want to
know the physical dimensions of the antenna patch, up to
the accuracy that is needed for fabrication. They face a
dilemma because all formulae for increasing accuracy by
modifying dielectric constant (effective value, dynamic
value etc) require prior knowledge of patch dimensions.
No formula is available for estimating dimensions of
nonstandard/irregular shaped patches. Novelty of the
present work is that dimensions of the antenna patch of
any shape can be quickly estimated without the help of a
computer. Further there is no need to convert the given
shape into a known regular shape or to compute
effective/dynamic dielectric constant. Basic structure of all
microstrip patch antennas is same - the shape and size of
the patch is designed to meet desired specifications.
Therefore, there should be some relation between the
design equations for different shapes of the patch. Little
work has been done in this direction. This paper provides
simple closed-form correlated formulae for determining,
as accurately as is normally required, critical dimensions
of microstrip antennas of various patch shapes. The
dimension of the patch whose value is required for patch
design has been termed as CRITICAL DIMENSION. Usually
empirical data is plotted in the form of curves. Design
models are then developed using curve fitting techniques.
These are then fine tuned for better matching in different
areas of the curve. The novelty of this paper is that for
developing mathematical models for microstrip antennas,
first a theory has been propounded, models derived and
then the results of the models have been compared with
available empirical data to validate the models.

2. BACKGROUND WORK

Conductor patch of microstrip antenna can have any shape
and size. Perimeter as well as area of the patch appear to
be enlarged due to fringing fields. For designing a
microstrip antenna (MSA), substrate parameters
(thickness h and dielectric constant &) and operational
parameter (resonant frequency f;) are given. The designer
has to estimate dimensions of the patch for the desired
shape. The issue is then to find the physical dimensions of
the patch that will result in the desired resonant
frequency. Importance of substrate thickness normalized
with respect to guide wave length has been demonstrated
in [20]. This parameter has been termed as “electrical
thickness” in literature [21]. In this paper it has been
denoted by symbol H.

H= = fihvE (1)

where ¢ = 3*1010 cm/ sec is the speed of light in vacuum.

Here, h is physical thickness of substrate and A4 is guide
wavelength (wavelength in the dielectric material of the
substrate). It has been shown earlier [20] that for
rectangular microstrip antenna, extension in patch length
(AL) is proportional to effective length (L) of the patch

and electrical thickness of antenna substrate. Using this
theory a known good design can be easily and quickly
transformed from one substrate onto another substrate
without going through elaborate computations. Procedure
for such a transformation was also outlined. It has been
also shown that for circular microstrip antenna [22]
extension in physical radius is proportional to physical
radius (rp) of the patch and to the parameter H. This model
gives good results without any iteration. For equilateral
triangle [23] extension in side length is proportional to
physical side length (S,) of the patch and to the parameter
H. This is based on the postulate [24] which states that
“For a rectangular Microstrip antenna, extension (d) in
physical length of the patch is directly proportional to the
thickness (h) of antenna substrate and electrical length
(Le ) of the patch and is inversely proportional to its width
(W). The constant of proportionality (4 ) is independent of
the resonant frequency (f;), thickness (h) and dielectric
constant (&) of the substrate.” In all these papers the
constant of proportionality (£ ) has been assumed to be 1
and elliptical and other shapes have not been considered.
The work reported here generalizes the theory to include
all shapes of the patch and also suggests an expression for
estimating S

3. GENERALIZED POSTULATE -
DESIGN FORMULAE

CORRELATED

Earlier work [20, 22, 23, 24] had considered extension in
critical dimensions of the patch - length and width of the
rectangle, radius of the circle and sidelength of the triangle
- that differs from one shape to another. For the sake of
uniformity, this paper has considered perimeter of the
patch since the perimeter is directly and simply related
with the critical dimension for every shape. It can be easily
observed that due to fringing fields, electrical extension is
NOT confined to any particular dimension of the patch.
The patch behaves as if its perimeter has been enlarged
resulting in enlargement of its total area. In order to find
common formulae, big data was created (using classical
formulae). Data analysis indicates that extension in
perimeter is directly proportional to physical perimeter
for regular shapes of the patch. However the extent of
dependence is related with the shape of the patch.
Additionally, extension in perimeter of the patch is directly
proportional to the electrical thickness of the substrate for
various shapes of the patch. The extent of dependence is
again dependent on the patch shape. It can therefore be
postulated that “for a microstrip patch the extension in
physical value of perimeter, due to fringing fields, is
directly proportional to the physical perimeter itself and
also to the electrical thickness of the antenna substrate.” If
the physical perimeter of the patch is P, and its effective
value is P, then

P.-P, a H*P,

or, P.=(1+pBH)P, (2)
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where fis constant of proportionality.
3.1 Constant of Proportionality

S is a unique property of the shape of the patch. It
has constant value for a given geometry of shape.
Therefore, it is independent of the critical dimension of the
patch. It is not a function of material parameters (h and &)
and operational parameter f. It is a dimensionless
quantity. As perimeter increases, area of the closed shape
also increases. However, the ratio
(Perimeter/v/(4*m*Area) remains constant for a given
shape. A circle has the smallest perimeter for a given area
of regular shape. This ratio has the value 1 for any circle. It
is proposed that the constant of proportionality £ may be
set equal to this ratio

Perimeter

b= e (3

Accordingly, for a regular polygon of N sides,

tan @

p= |2 @)

T . .
where 6 = L and angle 0 is in radians.

This gives = 1.286, 1.128, 1.075, 1.05 ...... for an
equilateral triangle (N = 3), a square (N=4), a pentagon
(N=5), a hexagon (N=6) and so on and so forth. f— 1 as 6
— 0 i.e. N becomes very large. This is the case when the
polygon becomes a circle. For any ellipse g =
(1+m)/(4m), where m = b/a is the ratio of minor axis (b)
to major axis (a) of the ellipse. For a rectangle g = (1+
n)/N(nm) where n=W/L is the ratio of width to length of
the rectangle.

3.2 Design Formulae

For electrically thin substrates H is < 0.02.
Therefore, fH « 1, using binomial theorem one gets

Py =(1-pH)Pe )

Substituting the values of # and of perimeter in terms of
the critical dimension, it can be easily deduced that:

(i) For rectangular and square shapes:
physical length of the rectangle (L,) is given by

L, = (1 — BH)L, and effective length ( L) is given by [2]

c

L. = 2frer
15
therefore L,= = 0.58h (6)

(ii) For equilateral triangular shapes:

physical sidelength (S,) is given by

S, = (1 — BH)S, and effective sidelength (S) is [2]

2c
Se = 3frVer

Sp = frzvoe_r_ (g) Bh— ()

therefore
(iii) For circular shapes:

physical radius (rp) is given by r, = (1 — BH)r, and

_ 8791

effective radius (re) is [2] = e
8.791
therefore = 0.293B8h (8)

(iv) For elliptical shapes:
physical semi major axis (ap) is given by
a, = (1 — BH)a, . Since effective semi major axis (ac) is

[25] a. =

c qe°

2mefr &r

4.775/q%°, 1
e frVer

- 2 (9)

Soap = (
where
e = eccentricity of the elliptical patch

ge° represents Approximated Mathieu function of the
dominant (TMe° ) mode

q¢=-0.0049 e +3.7888 e2 - 0.7278 €3 +2.2314 e*
q°=-0.0063 e +3.8316 €2 - 1.1351 e3 +5.2229 e*

Above equations may be rewritten as

—2__ Bnh, (10)

D=1

where,

D, is the Physical Critical Dimension (PCD)

A and B are constants that depend on the
geometry of the patch.

Equation (10) becomes the single universal design formula
for determining critical design dimension of the patch of a
microstrip antenna.

4.VALIDATION

Classical formulae were used to generate huge data. This
was done for 5 regular shapes of the patch -Rectangle,
Square, Equilateral Triangle, Circle and Ellipse. For every
shape 7200 sets of substrate thickness (h), dielectric
constant (&) and resonant frequency (f) were used.
Substrate thickness was varied from 0.05 cm to 0.3 cm in
steps of 0.025 cm. For each value of h, & was varied from 2
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to 10 in steps of 1. For each value of & the resonant
frequency f; was varied from 1 GHz to 10 GHz in steps of 1
GHz. Value of H varies in these data sets. Most of the
classical formulae are for thin substrates (H < 0.02). This
limit has been considered in computations. The data was
analyzed to investigate relationship between the
perimeter of the patch and its extension due to fringing
fields and to validate the expressions for the physical
critical dimensions. The new formulae have been validated
by 4 different routes as mentioned below:

A. Validation Using Analysis Of Calculated Data

Equations (6), (7), (8) and (9) indicate that graphs
between Physical Critical Dimensions (PCD) for
rectangular, equilateral triangular, circular and elliptical
shapes of antenna patch and 1/ (f,*V&) should be straight
lines for constant value of h. Data for such graphs was
computed and plotted (Chart-1). Unified values (values
computed by new unified formulae) have been plotted as
straight lines while classical values have been indicated by
markers.
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Chart- 1: Variation in PCD with 1/(f; V&) keeping substrate
thickness (h) constant

Chart-1 indicates that classical and unified values match
very well. Moreover, classical data also shows relationship
between PCD and 1/(f;*Vs) to be a straight line (for
constant h) which is indicated by unified formulae. This
validates the new theory. In Chart-2 maximum value of H
is 0.03. The plot is for dielectric constant of 3.5 and
resonant frequency of 1.5 GHz. Chart-2 indicates that
classical and unified values match very well. Moreover,
classical data also shows relationship between PCD and h
to be a straight line (for constant 1/ (f,*Vs)) which is
indicated by unified formulae. These graphs clearly
validate the new theory.
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Chart-2: Variation in PCD with substrate thickness h for
constant value of 1/ (f;*V&,). The straight lines are plots of
unified data and markers are corresponding data using
classical formulae.

B. Validation Using Perimeter Ratio

For analyzing microstrip antennas of one shape
equivalent rectangular or circular patches have been
widely used. Some researchers considered equivalent
patch by keeping the perimeter of constant size between
the two shapes [11, 12, 13, and 24]. However, [13]
considered a rectangle of equal perimeter for the circular
patch while [11, 12, 26] used a circle whose circumference
was equal to the perimeter of the triangle. Thus classical
approaches tactically presumed that the effective
perimeter to physical perimeter ratio is the same for all
the shapes of the patch.

According to the theory proposed in this paper for any
microstrip antenna patch (2) is

Effective Perimeter

=(1 H
Physical Perimeter A+ BH)

Value of f should be taken for the concerned shape of the
patch. Between various patch shapes considered, £ varies
from 1.0 to 1.286. Classical formulae are valid for thin
substrates for which H < 0.02, Therefore (1+£ H) varies
from 1.02 to 1.0257. This means that the ratio

Effective Perimeter

Physical Perimeter

can be taken as equal for all shapes. Therefore match
between classical approach and the new theory is
excellent. This validates the theory proposed in this paper.
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C. Validation Using Area Ratio

While some researchers considered equivalent patch by
keeping the perimeter of constant size between the two
shapes others preferred to keep the metalized area of the
two shapes to be constant. For circular patch several
variations have been used (a) width of the equivalent
rectangle was taken to be equal to the diameter of the
circle [1, 2, 3], (b) length of the equivalent rectangle was
taken to be equal to the diameter of the circle [4] or (c)
side of the equivalent square was taken to be equal to the
square root of the area of the circle (square patch instead
of a rectangular patch [5]). For triangular patch, [2, 3, 27]
considered a rectangle of equal area, [28, 6] used square of
equal area for the triangular patch. Garg and Long [7, 10]
considered a circular patch of equal area for the triangular
patch. For the elliptical patch, a circle of equal area was
used by [8, 9]. Thus classical approaches tactically
presumed that the effective area to physical area ratio is
the same for all the shapes of the patch.

As per the theory proposed in this paper

Effective Area
Physical Area

= (1+pH)? (11)

For normally used shapes g varies only from 1.0 to 1.286.
For electrically thin substrates H < 0.02, (1+ #H) is in the
range 1.02 to 1.0257 and (1 + £ H)2 is in the range 1.04 to
1.05 only. This means that the ratio

Effective Area
Physical Area

can be taken as equal for all the shapes. This again
validates the new theory.

D. Validation By Comparison With Classical Data

Several thousand values of the physical critical dimensions
were calculated using the new formulae as well as the
classical formulae. These were compared and analyzed.
Following [21], Average Relative Deviation (ARD) and
Maximum Relative Deviation (MRD) were calculated.

1 N lay, —a
ARD = _Z lap ul
N i=1 ay

a, —a
MRD = max (M)
ap

where a, and a, are respectively the benchmark physical
critical dimension and the calculated physical critical
dimension of the concerned patch. The results are given in
Table-1 below:

The results are given for two values of electrical substrate
thickness (H < 0.02 and H < 0.03). Percentage average
deviations as well as maximum relative deviations are very
small. Results for absolute differences are noted in Table-

2. The matching of results is excellent. This validates the

proposed theory and formulae.

Table-1: Percentage relative deviation between classical
and new values of critical dimensions

Patch Shape  [crucal ARD MRD
Dimension
H H H H
<0.02 [<0.03 [<0.02 [<0.03
Rectangle Length 0.30 [0.40 [0.93 |[1.28
Square Side 0.29 (0.39 (0.89 |1.21
Triangle Side 0.28 (0.33 1(0.92 [1.10
Circle Radius 1.10 |[1.34 (3.18 {4.11
Elli i-maj
tpse Semi-major 36l 71 348 64
Even Mode axis
Ellipse Semi-major
. 1.35 |[1.71 [3.47 4.63
0dd Mode axis

5. RESULTS AND DISCUSSIONS

Using the proposed formulae, values of PCD were
calculated for several shapes of the patch. The results were
compared with published experimental values. Few results
are given in Table-3. For the patch shapes given in column
(A), values of dielectric constant and substrate thickness
are given in columns (B) and (C). Corresponding electrical
thickness of substrate and experimental/published
resonant frequencies are given in columns (D) and (E).
Reference for this data is in column (F) which also
mentions classic values of PCDs. Finally column (G) has the
PCD values calculated by new formulae. Comparison of
values in columns (F) and (G) shows that the matching of
data is very good.

Simple as well as complicated design formulae are
available for different shapes of the patch. Area and
perimeter of the patch are inter-related and have been
considered at various developmental stages. Due to
fringing fields length as well as the width of the patch
appear to be enlarged but efforts have been focused
mainly on extension in physical critical dimension.

Table-2: Average difference between classical and new
values of PCD

Absolute difference between values of PCD calculated by
classical formulae and new formulae

Rectangular|Triangular |Circular Elliptical
Maximum |, ; 35 0.144 0.192 0.213
(cm)
Average |, 395 0.0256  |0.0248  [0.0349
(cm)
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Table-3: Comparison of new and classic published/
experimental results

r PCD (cm)
Shape & |h(cm) |h/Ag |(target) ) ?roposed_
(GHz) Classic |in this
paper
A B C D E F G
Rectangular |10.2 {0.1270 |0.031 |2.260 ?2(;] 2.005
4.14
Rectangular (2.5 |0.1524 [0.011 |2.2 [14] 4.22
Rectangular [10.2 0.127 [0.06 |4.600 [12(]) 0.95
1.29
Rectangular (2.22(0.017 [0.01 |7.740 2] 1.29
. 8.7
Triangular |2.32|0.078 |0.006 (1.489 2] 8.75
. 10
Triangular |2.32|0.159 |0.01 |[1.280 [10] 10.05
Circular 4.5510.235 |0.01 |0.825 ?3?5 4.94
. 5.0
Circular 2.3210.159 [0.010 (1.128 [1] 5.08
Elliptical
e=0.273 2.480.1575 |0.007 [1.410 ?25] 413
Even mode
Elliptical
3.065
e=0.7 2.2 |0.1524 |0.013 |2.535 [8] 2.97
0dd mode

Keeping in mind all the data, this paper has proposed a
generalized postulate as follows: “For a microstrip patch
the extension in physical value of perimeter, due to
fringing fields, is directly proportional to the physical
perimeter itself and also to the electrical thickness of the
antenna substrate.” The constant of proportionality is
independent of the dielectric constant and thickness of the
substrate material and resonant frequency. However it
depends on the shape of the patch. Novelty of this thinking
is that a unified design formula for all shapes of the patch
for microstrip antennas has evolved. A formula for
determining the constant of proportionality (£ ) for any
shape of the patch has been proposed and used. This
resulted in another novelty - simple and accurate
formulae for determining value of physical critical
dimensions of standard geometrical shapes of the patch.
For the first time the ratio of width to length of the
rectangular patch and the ratio minor axis to major axis of
elliptical patch have been included in the design formulae.
For the triangular patch the new formula is similar to that
given by [29] {Ser = S + ph} except that the uncertainty in
the value of p has got removed. The formulae have been
validated in 4 different ways. This validates the
generalized postulate and the expression for the constant

of proportionality. Another feature of this work is that no
modification in the value of dielectric constant is required.
Also there is no need to transform one shape of the patch
into another shape for estimating the physical critical
dimension. Equation (2) gives that for all shapes of the
antenna patch

extension in patch perimeter

physical patch perimeter
And as a corollary

fringing area

2pH

physical patch area -

Uncertainties in published data: Microstrip antennas are
fabricated on commercially available laminates that are
primarily meant for PCB. There may be variation in
thickness and dielectric constant of the material across the
laminate. While fabricating the antenna these are seldom
measured. Typical values given by the vendor/supplier/
manufacturer of the laminate are used in calculations. Real
dielectric constant value may be different from the
vendor’s nominal/typical value [8, 30]. The dielectric
constant varies with resonant frequency in low-cost
substrate materials like FR-4 typically used in microstrip
antenna fabrication for general research. Numerical value
of physical critical dimension is to be determined for the
patch of a given shape. In published literature it is not
mentioned that PCD values are actual values (measured on
fabricated antenna) or design values or fabrication mask
values. Certainly the earlier measurement results were not
meant to be standards against which other results may be
evaluated. The numerical values of PCD depend upon the
formula used for its calculation. Calculation results from
different formulae are expected to differ from each other.
Basic formulae have been developed for the rectangular
patch only. These include formulae for extensions in length
and also in width of the rectangular patch. For the
rectangular patch, actual value of W is always different
from the assumed initial value of W and width to length
ratio of the patch is not considered while computing
effective dielectric constant has to be computed. While
some people consider effective dielectric constant others
do not.

6. CONCLUSION

Generalization of earlier postulate [24] has
resulted in (2) to (11) as the new, simple co-related design
formulae. These can be easily solved by ordinary
calculator - computers are not needed for this work. This
paper presents a leap forward for finding physical
dimensions of a microstrip antenna patch of any shape.
Main issue is to estimate virtual extensions in dimensions
due to fringing fields. Classically virtual extension in patch
dimension (due to fringing fields) has been related with
non-radiating dimension of the patch and substrate
parameters (dielectric constant and physical thickness)
but not with the dimension under consideration. Some
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researchers have presumed this extension to be equal to
the physical thickness of the antenna substrate and then
developed formulae for matching theoretical and
experimental values of dimensions or resonant
frequencies. Novelty of present work is that virtual
extension in patch perimeter has been directly related
with physical perimeter itself and the electrical thickness
of the substrate. This has resulted in another novelty —
dimensions of the antenna patch of any shape can be
quickly estimated without the help of a computer. Yet
another novelty is that for developing mathematical model
for microstrip antennas, first a theory is propounded,
formulae derived and then the results of the formulae are
compared with empirical data to validate the formulae.
This model eliminates the need to transform one shape
into another for estimating patch dimensions. The
proposed theory also results in formulae for the ratio of
fringing area to physical area, for the ratio of extension in
patch perimeter to physical perimeter and also for ratio of
extension in critical dimension to physical critical
dimension of the patch for different shapes. Novelty of this
approach is that a unified design formula for all shapes of
the patch for microstrip antennas has evolved. A formula
for determining the constant of proportionality for any
shape of the patch has been proposed and used.
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