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Abstract - Trapezoidal fuzzy numbers have many
advantages over triangular fuzzy numbers as they have
more generalized form.  In this paper, we have
approached a new method where trapezoidal fuzzy
numbers are defined in terms of α - level of
trapezoidal interval data based on this approach, the
test of hypothesis is performed.
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“Statistics is a method of decision making in
the face of uncertainty on the basis of
numerical data and calculated risks”

– Prof. Ya-Lun-Chou

IntroductionTrapezoidal fuzzy numbers of the forms
 a, b, c, d have many advantages over linear and non-linear membership functions [17].  Firstly, trapezoidalfuzzy numbers form the most generic class of fuzzynumbers with linear membership function.  This class offuzzy numbers spreads entirely the widely discussed classof triangular fuzzy numbers which implies its genericproperty.  And therefore, the trapezoidal fuzzy numbershave numerous applications in modeling linearuncertainty in scientific and applied engineering problemsincluding fully fuzzy linear systems, fuzzy transportationproblems, ranking problems etc.An interesting problem is to approximate generalfuzzy intervals by means of trapezoidal interval data, so asto overcome the complications in the proposedcalculations.This article is divided into five parts namely 1. Somefootprints of previous research about fuzzy environments

2. Preliminaries and definitions 3. One – sample t - test 4.Test of hypothesis for interval data 5. Test of hypothesisfor fuzzy data using TFN 6. Conclusion and References.
1. Some footprints in the field of fuzzy

environmentsThe following are the footprints in the field of fuzzyenvironmentsa. Arnold [4] discussed the fuzzy hypotheses testingwith crisp data.b. Casals and Gil [8] and Son et al. analysed theNeyman-Pearson type of testing hypotheses [16].c. Saade [14, 15] analysed the binary hypothesestesting and discussed the likelihood functions inthe process of decision making.d. Akbari and Rezaei [2] analysed a notable methodfor inference about the variance based on fuzzydata.e. Grzegorzewski [10], Watanabe and Imaizumi [20]analysed the fuzzy tests for hypotheses testingwith vague and ambiguous data.f. Wu [21] discussed and analysed the statisticalhypotheses testing for fuzzy data by using thenotion of degrees of optimism and pessimism.g. Viertl [18, 19] found some methods to constructconfidence intervals and statistical test for fuzzyvalued data.h. Wu [22] approached a new method to constructfuzzy confidence intervals for the unknown fuzzyparameter.i. Arefi and Taheri [3] found a new approach to testthe fuzzy hypotheses upon fuzzy test statistic forimprecise and vague data.j. Chachi et al. [9] found a new method for theproblem of testing statistical hypotheses for fuzzydata using the relationship between confidenceintervals and hypotheses testing.k. B. Asady [5] introduce a method to obtain thenearest trapezoidal approximation of fuzzynumbers.
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l. Abhinav Bansal [1] explored some arithmeticproperties of arbitrary trapezoidal fuzzy numbersof the form  a, b, c, d .m. Zadeh [23] analysed some notions and criterionsabout fuzzy probabilities.In this paper, we provide the decision rules thatare used to accept or reject the null and alternativehypothesis.  In the proposed test, we split the observedinterval data into two different sets of crisp data such asupper level data and lower level data, then the appropriatetest statistic for the two sets of crisp data is found then, wetake a decision about the given sample and the givenpopulation in the light of decision rules.  In this testingmethod, we do not use the degrees of optimism,pessimism and h-level set.Moreover, two numerical examples aredemonstrated and in example-2 we have used the testingprocedure through trapezoidal interval data which arealready analysed by Wu [21], Chachi et al. [9] throughtriangular fuzzy numbers.  But we have extended this ideato trapezoidal interval data with some modifications.
2. Preliminaries and definitions

Definition-3.1 Membership functionA characteristic function Aμ of a crisp set
A X assigns a value either 0 or 1 to each of themembers in X.  This function can be generalized to afunction Aμ such that the value assigned to the element ofthe universal set X fall within the specified range.  That is,
  Aμ : X 0, 1 .  The assigned value indicates themembership grade of the element in the set A.  Thefunction Aμ is called the ‘membership function’.

Definition-3.2 Fuzzy setA fuzzy set A of a universal set X is defined by itsmembership function   Aμ : X 0, 1 and we write


    AA x, μ x :  x X  .
Definition-3.3 α - level set of a fuzzy set AThe α - cut or α - level set of a fuzzy set A isdefined by     AA x: μ x α  where x X. And
 0A is the closure of the set    Ax: μ x 0 .

Definition-3.4 Normal fuzzy setA fuzzy set A is called normal fuzzy set if thereexists an element (member) ‘x’ such that   Aμ x 1 .

Definition-3.5 Convex fuzzy setA fuzzy set A is called convex fuzzy set if
          1 2 1 2A A Aμ αx + 1 - α x min μ x , μ x where

 1 2x , x X and α 0, 1  .
Definition-3.6 Fuzzy NumberA fuzzy set A , defined on the universal set of realnumber R, is said to be ‘fuzzy number’ if its membershipfunction has the following characteristics:i. A is convex,ii. A is normal,iii. Aμ is piecewise continuous.
Definition-3.7 Non-negative fuzzy numberA fuzzy number A is said to be non-negativefuzzy number if and only if   Aμ x 0,  x < 0  .
Definition-3.8 Trapezoidal fuzzy numberA fuzzy number   A a, b, c, d is said to be atrapezoidal fuzzy number if its membership function isgiven by

  A

0      ;   x < a
x - a ;   a < x b
b - a

μ x 1       ;   b < x < c
d - x ;   c x < d
d - c
0      ;    x > d



 

 

 



where a b c d   .  A trapezoidal fuzzy number is atriangular fuzzy number if b = c .
Definition-3.9 Core of a fuzzy setThe core of a fuzzy set is the area for which theelements have maximum degree of membership to thefuzzy set A .  That is,     A Ac x: μ x 1  .
Definition-3.10 Height of a fuzzy setThis indicates the maximum value of themembership function of a fuzzy set A .That is,     A Ah = max μ x .
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Definition-3.11 Support of a fuzzy setThe support of a fuzzy set A is the area wherethe membership function is greater than zero.  That is,
    A As x: μ x 0  .

Definition-3.12 Non-negative trapezoidal fuzzy
numberA trapezoidal fuzzy number   A a, b, c, d issaid to be non-negative (non-positive) trapezoidal fuzzynumberthat is,   A 0 A 0  if and only if  a 0 c 0  .A trapezoidal fuzzy number is said to be positive(negative) trapezoidal fuzzy numberthat is,   A 0 A 0  if and only if  a > 0 c < 0 .
Definition-3.13 Equality of trapezoidal fuzzy numbersTwo trapezoidal fuzzy numbers
     1 2A a, b, c, d  and A e, f, g, h  are said to beequal,that is,  1 2A A if and only if a = e, b = f, c = g, d = h .

Definition-3.14 Zero trapezoidal fuzzy numberA zero trapezoidal fuzzy number is denoted by
 0 0, 0, 0, 0

Definition-3.15Let      1 2A a, b, c, d  and A e, f, g, h  betwo non - negative trapezoidal fuzzy numbers then,i.      
 

1 2A A a, b, c, d e, f, g, h

             a + e, b + f, c + g, d + h

  



ii.      
 

1 2A A a, b, c, d e, f, g, h

           a - h, b - g, c - f, d - e

  

iii.     1A a, b, c, d -d, -c, -b, -a   

iv.      
 

1 2A A a, b, c, d e, f, g, h

            ae, bf, cg, dh

  

v.   1 1 1 1 1,  ,  ,d c b aA


Definition-3.16Let    A = a, b and B = c, d D . Then,
 i A B if a c and b d  

 ii A B if a c and b d  

 ii A=B if a = c and b = d .

3. One – sample t-test for single meanIn case if we want to test (i) if a random (small) sample
 ix i = 1, 2, ..., n of size n < 30 has been drawn from anormal population with a specified mean, say 0μ or (ii) ifthe sample mean differs significantly from thehypothetical value 0μ of the population mean, then underthe null hypothesis H0:(a) The sample has been drawn from the populationwith mean 0μ or(b) There is no significant difference between thesample mean x and the population mean 0μ , inthis case, the test statistic is given by

 

n
0

i
i=1

n 22
i

i=1

x μ 1t =   where x xs n
n

1and s x  - x
n - 1










follows Student’s t-distribution with  n - 1 degrees offreedom.We now compare the calculated value of ‘t’ with thetabulated value at certain level of significance.  Let αt bethe tabulated value at α level of significance and ‘t’ be thecalculated value and we set the null hypothesis as
0 0H :μ = μ and alternative hypothesis as below:

That is, if αt t The null hypothesis 0H isrejected (one tailed test) and if αt  < t  the nullhypothesis 0H may be accepted (one tailed test) at the

AlternativeHypothesis Rejection Region
A 0H :μ > μ α, n-1t  t [Uppertailed test]
A 0H :μ < μ α, n-1t - t [Lowertailed test]
A 0H :μ  μ α  ,n-12

t t [Twotailed test]
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level of significance adopted. If α
2

t  < t  the nullhypothesis 0H is accepted (two tailed test).
Now, the  100 1 - α % confidence limits for thepopulation mean μ corresponding to the given sampleare given below:

α α ,n-1  ,n-12 2

 s  sx - t μ x + t
n n

       
   

4. Test of Hypothesis for Interval DataLet   i ix , y ;  i = 1, 2, ..., n be a randomsample of size  n < 30 such that  ix ;  i = 1, 2, ..., nand  iy ;  i = 1, 2, ..., n are the random samples fromtwo distinct normal population with the population means
η and μ and  the sample means 0η and 0μ of the samplerespectively.Then the null hypothesis
   0 0 0 0 0H : η,  μ η ,  μ ,  that is,  η = η  and μ = μ andthe alternative hypotheses
   A 0 0H : η,  μ η ,  μ , that is 0η < η and 0μ < μ

   A 0 0H : η,  μ η ,  μ , that is 0η > η and 0μ > μ

   A 0 0H : η,  μ η ,  μ , that is 0η  η or 0μ  μWe now consider the random sample of lower value andupper value of the given interval data be
   L i U iS = x ;  i = 1, 2, ..., n  and S y ;  i = 1, 2, ..., nrespectively.  The sample mean of LS and US are

x ys  and s respectively.The proposed test statistic is given by
   L U

x y

x - η y - μ
t  =  and t  =s s

n nThe rejection region of the alternative hypothesis for αlevel of significance is given by

 
 

L
α, n-1

U
α, n-1

If t t One tailed test  and

  t t One tailed test





0 The null hypothesis H  is accepted .
The difference between    0 0η,  μ  and η ,  μ is notsignificant at α level.  Otherwise the alternativehypothesis AH is accepted

 

 

L
α  , n-12

U
α  , n-12

If t t Two tailed test  and

  t t Two tailed test





0 The null hypothesis H  is accepted

 The difference between
   0 0η,  μ  and η ,  μ is not significant at α level.Otherwise the alternative hypothesis AH is accepted.

Also, the  100 1 - α % confidence limits for thepopulation mean  η,  μ corresponding to the givensample are given below:

AlternativeHypothesis AH
Rejection Region for
α Level Test

   A 0 0H : η,  μ η ,  μ

L
α, n-1t   t and

U
α, n-1t   t(Upper tailed test)

   A 0 0H : η,  μ η ,  μ

L
α, n-1t  - t and

U
α, n-1t  - t(Lower tailed test)

   A 0 0H : η,  μ η ,  μ

L
α , n-12

t t or U
α , n-12

t t(Two tailed test)
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yx
α α ,n-1  ,n-12 2

yx
α α ,n-1  ,n-12 2

 s sx - t ,  y - t
n n

 s sη,  μ x + t ,  y + t
n n

   
   

    
        

    

Example-1The department of career and placement of aninspection committee of a University claims that theplacement percentage of the students from its affiliatedinstitution is between 50 and 65.  Only 12 colleges in thatzone are selected at random.  The colleges are observedand the placement percentages of each of the colleges arerecorded.  Due to some limited resources, the minimumand maximum of the placement percentage of each of thecolleges can only be observed.  Therefore, the placementpercentages of the colleges are taken to be ‘intervals’ asfollows [11]:[44, 53], [40, 38], [61, 69], [52, 57], [32, 46], [44, 39], [70,73], [41, 48], [67, 73], [72, 74] [53, 60], [72, 78].
SolutionWe now consider the test hypotheses be

0 0H :μ = μ and A 0H :μ  μ (Two tailed test)Here, the size of the sample n = 12 and thepopulation mean is [50, 65] with unknown sample S.D.We use 5% level of significance.  Now, the sample meanvalue of the lower and upper interval values are
n

i
i=1

1x x
n
 

L
x 54  and U

x 59

And the sample S.D. of the lower and upperinterval values are
 

n 22
i

i=1

1s x  - x
n - 1
 

LS 14.06  and US 14.30 .Now, the tabulated value of t at
 n - 1 11 degrees of freedom at 5% level of significanceis αT 2.20 .  And the lower value of 0μ is L

0μ 50 andthe upper value of 0μ is U
0μ 65 .

The test statistic:

 L L
0

L
L

x - μ
t =

s
 0. 5

n

985 and
 U U

0
U

U

x - μ
t = 1.4535

s
n

 

Since L U
α αt T  and t T  , the null hypothesis “ thepopulation mean 0μ = μ ” is accepted and the 95%confidence limits for the population mean μ is

 

L UL U

α α ,n-1  ,n-12 2

L UL U

α α ,n-1  ,n-12 2

 s  sx - t ,  x - t
n n

 s  sη,  μ x + t ,  x + t
n n

    
    

    
    

      
    

     45.0707, 49.9183 η,  μ 62.9293, 68.0817  

5. Testing Hypothesis for Fuzzy Data using TFN

Trapezoidal Fuzzy Number to IntervalLet a trapezoidal fuzzy number be
  A a, b, c, d , then the fuzzy interval [17] in terms of
α - cut interval is defined as follows:
    αA a + b - a α, d - d - c α ;    0 α 1     -- [R1]Suppose that the given sample is a fuzzy data thatare trapezoidal fuzzy numbers and if we want to test thehypothesis about the population mean, then we cantransfer the given fuzzy data into interval data by usingthe relation [R1].

Example-2The marketing department for a tire and rubbercompany wants to claim that the average life of a tire, thecompany recently developed exceeds the well-knownaverage tire life of a competitive brand, which is known tobe 32000 miles.  Only 24 new tires were tested becausethe tests are tedious and take considerable time tocomplete.  Six cars of a particular model and brand wereused to test the tires.  Car model and brand were fixed sothat other car-related aspects did not come into play.  Thesituation was that the life of the tires were not knownexactly. The obtained life of the tire was around a number.Therefore the tire life numbers were taken to betrapezoidal fuzzy numbers as follows [12]:
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  1x 33266,  33671, 34177, 34889

  2x 32093,  32613, 33149, 33255

  3x 32585,  32885, 33215, 33787

  4x 31720, 32143, 32819, 33497

  5x 32806, 33026, 33346, 33908

  6x 31977, 32237, 32817, 33034

  7x 33065, 33345, 33993, 34131

  8x 31943, 32303, 33053, 33212

  9x 30743, 31325, 31994, 32460

  10x 32169, 32955, 33148, 33968

  11x 32415, 33101, 33955, 34072

  12x 32900, 33452, 33873, 34335

  13x 32687, 33195, 33431, 33908

  14x 30327, 30975, 31295, 31445

  15x 32185, 32723, 32960, 33186

  16x 31187, 31436, 31999, 32237

  17x 33423, 34017, 34258, 34771

  18x 33208, 33860, 34280, 34876

  19x 31639, 32481, 33026, 33542

  20x 30945, 31634, 32325, 32739

  21x 31511, 32038, 32727, 33064

  22x 30826, 31610, 32406, 32913

  23x 33063, 33762, 34181, 34449

  24x 33464, 34062, 34388, 34974Let us consider the testing hypotheses
  

  
0

A

H : μ 32000 and

H : μ 32000





where 32000 means “around 32000”, which regarded asa “linguistic data”.Therefore,
0H : The average life of the tire is around 32000.
AH :The average life of the tire is greater than 32000.We may assume the membership function of 32000 as
  32000 30000, 32000, 33000, 34000 .  The size ofthe sample n = 24 and the population mean is
  0μ 30000, 32000, 33000, 34000 with unknownsample standard deviation.Using relation [R1], we convert the fuzzy data into intervaldata and are listed below:

  1x 33266 + 405α, 34889 - 712α

  2x 32093 + 520α, 33255 - 106α

  3x 32585 + 300α, 33787 - 572α

  4x 31720 + 423α, 33497 - 678α

  5x 32806 + 220α, 33908 - 562α

  6x 31977 + 260α, 33034 - 217α

  7x 33065 + 280α, 34131 - 138α

  8x 31943 + 360α, 33212 - 159α

  9x 30743 + 582α, 32460 - 466α

  10x 32169 + 786α, 33968 - 820α
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  11x 32415 + 686α, 34072 - 117α

  12x 32900 + 552α, 34335 - 462α

  13x 32687 + 508α, 33908 - 477α

  14x 30327 + 648α, 31445 - 150α

  15x 32185 + 538α, 33186 - 226α

  16x 31187 + 249α, 32237 - 238α

  17x 33423 + 594α, 34771 - 513α

  18x 33208 + 652α, 34876 - 596α

  19x 31639 + 842α, 33542 - 516α

  20x 30945 + 689α, 32739 - 414α

  21x 31511 + 527α, 33064 - 307α

  22x 30826 + 784α, 32913 - 507α

  23x 33063 + 699α, 34449 - 268α

  24x 33464 + 598α, 34974 - 586αNow, we obtain the mean value of the lower and upperinterval values and are as given below:
L

x = 32168.63 + 529.25α and
U

x = 33610.50 + 408.63αAnd the sample S. D. of the lower and upper intervalvalues are:
 n 2LL L

i
i=1

L 2

U 2

1        S = x  x
n - 1

  S  = 33316.02α  80004.54α + 838201.99

and S  = 740506.58α 169304.62α + 815219.02

 
  

 





Now, we set the null hypothesis:  
0 0H : μ μ and  thealternative hypothesis:  

A 0H : μ μ (Upper tailed test)Choosing 5% level of significance and the table value of ‘t’for 23 degrees of freedom is αT 1.714

And the interval representation of  0μ is given by
 L U

0 00μ μ ,  μ   where L
0μ 30000 + 2000α and

U
0μ 34000 - 1000α ; 0 α 1.  And therefore,

L L
L 0

L

11.6042 ; α = 0x μt =
s 3.8429   ; α = 1

n


 


L
αt T 1.714 for all α, 0 α 1.    And,

U U
U 0

U

-2.1134  ; α = 0
1.8105   ; α = 0.53x μt =

s 1.8757   ; α = 0.54
n 4.2402   ; α = 1


  



U
αt T  for 0.53 α 1 

6. ConclusionSince for 0.53 α 1  , L
αt T and U

αt T , thealternative hypothesis is accepted.  Therefore, AH :Theaverage tire life is approximately greater than 32000 isaccepted based on the given fuzzy data withcondition 0.53 α 1  .
RemarkThe results obtained from Example-2 differ by0.01 level of lower limit of α  0.53 α 1  whencompared with the results in Wu [22], Chachi et al. [9] andD. Kalpanapriya et al. [12] which is  0.54 α 1  .
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