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Abstract - with the increasing use of nonlinear loads in 

power systems, the harmonic pollution becomes more and 

more serious. Controlling and reducing such harmonics have 

been a major concern. The power system harmonic analysis 

is the process of calculating the magnitudes and phases of 

the fundamental and higher order harmonics of system 

signals. This paper provides a review on the main 

developments in the area of power system harmonic 

analysis. Commonly accepted methods for conducting 

harmonic studies have been summarized.  
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1. INTRODUCTION  
 
Power system harmonics comes from a variety of sources, 
the dominant ones within transmission networks being 
large power converters such as those used for HVDC links 
and large industrial processes. Flexible alternating current 
transmission system (FACTS) controllers play an 
important role in electrical power transmission systems 
by improving power quality and increasing power 
transmission capacity. These controllers are nonlinear and 
complex as compared to mechanical switches. The 
harmonics generated by these devices can be divided into 
three categories: 
• Integer harmonics: - are integer multiples of the power 
frequency. 
• Inter-harmonics:- period and integer multiples of some 
base frequency, they normally result from cross-
modulation of the integer harmonics of two systems with 
different power frequencies. 
• Non-integer harmonics:- are the frequencies that do not 
fit either of the above two categories. They are not integer 
multiples of a base frequency and may not even be 
periodic.  
The last two categories usually come from back-to-back 
HVDC links (periodic), Cyclo-converters (periodic) and 
arc-furnaces (non-periodic). However with the large 
motor drives and asynchronous HVDC links becoming 
more prevalent it is becoming important to take into 
consideration the non-integer and inter-harmonic based 
frequencies. Non-periodic frequencies create a special 
problem as they cannot usually be analyzed by traditional 

Fourier means, some authors have proposed the use of 
wavelet theory to analyses these wave shapes. 

The large power converters produce mainly 

characteristic harmonics which are present during 

operation under ideal conditions and most of the early 

work revolved around these harmonics. Classical 

equations have been derived to obtain average firing 

angles, commutation durations, dc side voltages and 

harmonic magnitudes. However few of the harmonic 

problems reported occur under ideal system operation, 

and so this form of analysis is very limited for harmonic 

purposes. The linearity of synchronous machines and 

power transformers is very dependent upon their power-

flow operating point. Both of these devices can normally 

be approximated as passive harmonic impedances, but 

these harmonic impedances often change with the system 

operating point. Transmission asymmetries lead to a 

negative sequence fundamental component in the 

terminal busbar voltages and due to the frequency 

coupling behavior of converters, this will lead to the 

generation of non-characteristic harmonics. Thus the ac 

transmission system must be represented in three-phase 

so that these effects be fully represented. The need for 

shared ac-dc right-of-ways will increase. The mutual 

coupling between these lines will result in both non-

characteristic harmonic generation and converter 

transformer saturation problems. There are various 

solutions that minimise these effects, but analysis 

programs are required to accurately represent the 

systems. 

2. EXISTING HARMONIC ANALYSIS METHODS  
 
Harmonic analysis methods can be fitted into three 

categories; time domain, direct frequency domain and 

iterative techniques. 

2.1 Time domain methods 
 
Time domain modeling consists of different differential 
equations of interconnected power system then solve by 
means of the numerical integration. Various methods are 
available for the creation of these differentials equations 
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and their integration. Commonly used methods are state 
variable, nodal analysis and Norton equivalent 
representation of dynamic components. Time domain 
representation is the most extensively used method for 
power system modelling. Although its primary function is 
for dynamic analysis, it is often used for steady-state 
analysis. Harmonic's analysis with a time domain package 
involves simulation to the steady-state and then the use of 
the Fourier transform. Due to the combination of both long 
(inductances and capacitances) and short (device 
switching times), time constants within a system, small 
time steps and long simulation times are required for 
accurate steady-states. Due to this computational expense, 
methods for accelerating convergence to steady-state 
using boundary problem analysis have been developed. A 
significant problem is the time domain modelling of the 
frequency dependency of transmission lines, but a variety 
of methods have been developed which provide a 
reasonably accurate representation. Other methods use 
RLC branches calculated by numerical analysis to provide 
simple equivalents of large networks. 

 2.2 Direct frequency domain method 
 
Most commercial harmonic analysis packages use a direct 
frequency domain analysis using either single or three 
phase representation. The analysis consists of performing 
a load-flow to determine the system operating conditions 
and then calculating harmonic injections using simplified 
non-linear models. Then using the following nodal 
equation the system harmonic voltages are solved directly. 

[Inode]=[Ysys] [Vnode]             (1) 

This form of analysis is well suited to audio-frequency 

ripple control studies, where the injected frequencies are 

non-integer and of low magnitude. However, it does not 

permit the incorporation of the effect of harmonic voltages 

on the non-linear devices or the transfer of harmonics 

across HV dc links. To maintain simplicity a variety of 

linearised converter models have been developed for 

analysing harmonic interaction with control systems and 

for the transfer of harmonics across dc links.  However, the 

accuracy of these methods is limited by the 

approximations made within the device linearization’s and 

the use of fixed operating points. 

The harmonic produced by nonlinear component should 

be specified or calculated for base operating condition 

obtained from a load flow solution. These harmonics are 

fixed throughout solution means that non-linear 

component is represented as constant harmonic current 

injection.  

 

2.3 Iterative Harmonic Analysis 
 
When a non-linear device injects a harmonic current into a 

non-infinite linear ac system bus-bar, a harmonic voltage 

of that same frequency is produced. If the non-linear 

device is sensitive to harmonic voltages, the injected 

harmonic current will change. This then requires an 

iterative solution to solve the system for accurate 

harmonic information.  

The following techniques have been used for 

Iterative Harmonic Analysis (IHA).  

1:  Basic iterative techniques 
 
Two basic iterative methods are used in power system 

IHA; Fixed Point Iteration (Gauss-Seidel) and the Newton 

method. The simplest and previously most predominant 

iterative technique has been the Fixed Point Iteration. The 

current injections of a non-linear device (Inl,) are 

calculated from the system nodal voltages (Vnodei)' Then 

using these currents and the system admittance matrix 

(Ysys), new nodal voltages (Vnodei+l) are calculated 

which are then used to re-calculate the non-linear device 

current injections. This iterative method is shown as 

follows: 

Inli=f(Vnodei)             (2) 

Vnodei+1= [Ysys]-1Inli            (3) 

This method has been reported to have poor convergence 

for highly distorted or resonant systems. Better 

convergence has been obtained by using the Newton 

method for adjusting the solution variables. A mismatch 

function is calculated which compares the non-linear 

device harmonic currents (Inli) with the nodal currents 

(Inodei) calculated from the nodal voltages (Vnodei). This 

mismatch function is then used in conjunction with the 

system Jacobian (a matrix of partial derivatives) to 

calculate adjustments to the nodal voltages (∆Vnodei) As 

the solution progresses, the mismatch function (Mi) is 

driven to zero by the Jacobian (Ji) and convergence is 

obtained. This is as follows: 

Inli=f(Vnodei)             (4) 

 Inodei=YsysVnodei                           (5) 

 Mi=Ji∆Vnodei             (6) 

 Vnodei+1=Vnodei-∆Vnodei                          (7) 
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2. Harmonic solution format 
 
A problem with the representation of non-linear devices is 

the phase dependency inherent within their linearisation. 

The linearisation of this phase dependency using complex 

numbers requires the complex conjugate notation of 

Equation 8 which uses positive and negative frequency 

phasors. 

 
∆I +
∆I −

 =  
Y1 Y2

Y1 ∗ Y2 ∗
  

∆𝑉 +
∆V −

                                  (8) 

where If = I-f for a real valued waveform. This can also be 

represented by using real-valued positive frequency 

phasors. 

∆I+=Y1∆V++Y2∆V*+            (9) 

Decomposing this into real and imaginary positive 

frequency components in Matrix form is  

 
𝐼𝑟
𝐼𝑙
 =  

𝑌1𝑟 −𝑌1𝑖

𝑌1𝑖 𝑌1𝑟
 +  

𝑌2𝑟 𝑌2𝑖

𝑌2𝑖 −𝑌2𝑟
  

𝑉𝑟
𝑉𝑖

          (10)   

Approximately the same amount of storage and 

computation is required for the linearised admittance of 

the non-linear devices, though the complex conjugate 

method requires twice as much computation for the linear 

systems.  

The complex conjugate notation creates 

difficulties when incorporating real valued variables. the 

linearization of a loadflow becomes approximate and 

significantly more difficult in complex form. The inclusion 

of the DC term of ac systems can also cause numerical 

problems.  

It should be considered though that the complex 

conjugate method was used for the representation of 

magnitude dependent magnetic non-linearities described 

by the function: 

Y=f(x)            (11) 

3. THE DYNAMIC HARMONIC DOMAIN (DHD) 
TECHNIQUE  
 

The DHD technique, which is an extension of the 

HD method, allows for the determination of the harmonic 

content of distorted waveforms, not only in the steady 

state, but also during transients. 

Dynamic Harmonic Domain (DHD) analysis, can been used 

successfully to analyze the transient and steady state 

responses of electrical networks that contain 

nonlinearities and embedded power electronics. The 

method makes use of an orthogonal basis (the complex 

Fourier series), complex differential operators, and 

approximations of these operators. The DHD method is an 

extension of the HD method, and it expands the scope of 

the usage of power quality indices from measuring the 

performance of steady state applications to the transient 

range. An important feature of the DHD method is that it 

reduces a linear time-periodic (LTP) system to a linear 

time-invariant (LTI) system, which improves the available 

tools and techniques that are used to solve LTP systems. 

A. Basic Theory 
 
In this section, we describe the conversion of an ODE in TD 

to the DHD [19], [20]. The basis for the line modelling 

which involves ODEs.  

Without loss of generality, consider the linear 

time periodic (LTP) system for the scalar case  

𝑥 = 𝑎𝑝𝑥 + 𝑏𝑝𝑢                                                                       (12) 

𝑦 = 𝑐𝑝𝑥 + 𝑑𝑝𝑢             (13) 

 where subscript p stands for time-periodic, for instance, 

𝑎𝑝  defined as 

𝑎𝑝 = 𝑎−ℎ𝑒
−𝑗ℎ𝑤𝑜 𝑡 + ⋯ . +𝑎0 + ⋯ + 𝑎ℎ𝑒𝑗ℎ𝑤𝑜 𝑡             (14) 

     with h representing the highest harmonic ω0 and the 

fundamental frequency. By expressing all the variables 

from (12), (13) by their Fourier series and by removing all 

the exponential factors, the state representation (12), (13) 

in the DHD becomes 

𝑋 =  𝐴 − 𝑆 X + 𝐵u                                                     (15) 

y = 𝐶X + 𝐷𝑢                                                                      (16) 

where the variables are now complex vectors with time-

varying coefficients, e.g., 

𝑋 =  𝑥−ℎ 𝑡 … . 𝑥0 𝑡 …  𝑥ℎ 𝑡  T                                   (17) 

where T denotes the transpose. S is called the operational 

matrix of differentiation defined by [21]  

   𝑆 = 𝑑𝑖𝑎𝑔 −𝑗ℎ𝜔0 , … . , −𝑗𝜔0 , 0, 𝑗𝜔0 , … . , 𝑗ℎ𝜔0        (18) 
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and A matrix has the Toeplitz structure. 

𝐴 =

 
 
 
 
 
a0 a−1 ⋯ a−ℎ .
a1 a0 ⋱ . a−ℎ

⋮ ⋱ ⋱ ⋱ ⋮
aℎ . ⋱ a0 a−1

. aℎ ⋯ a1 a0  
 
 
 
 

                              (19) 

Note that, in the DHD, we obtained a system of ODEs of 

dimension 2h+1for the general case. The system becomes 

diagonal when dealing only with linear elements and can 

further be reduced to order h/2 when considering half-

wave symmetry. 

Note also that if 𝑎𝑝 from (12) is a real coefficient 

then (19) becomes a diagonal matrix. 

By comparing (12),(13),(15) and (16) the LTP 

system has been transformed into a linear time invariant 

(LTI) system through the DHD. The steady state of the 

system is easily obtained by setting derivatives to zero in 

the (15),(16) thus yielding 

        X = (S − A)−1Bu                                                        (20)        

               y = 𝐶X + 𝐷𝑢                                                        (21) 

Hence, the evolution of the harmonic content, i.e., with 

respect to time, can be obtained from (12),(13) and the 

corresponding instantaneous values are calculated by 

assembling a Fourier series as in (14). 

4. CONCLUSIONS 
 
In this paper, we have reviewed some methods of 

power system harmonic analysis. Commonly accepted 

methods for harmonic studies have been presented 

here. The paper discusses the frequency domain 

solution method in the power system harmonic 

analysis. The frequency domain solution method is one 

of the major mathematical approaches for harmonic 

analysis.  
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