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Abstract – Peridynamics is a nonlocal continuum theory 
which reformulates the classical mechanics by substituting 
the differential term with integral term. Therefore, the 
peridynamic formulation is valid everywhere regardless of 
presence of discontinuities such as cracks. This makes 
peridynamics a robust and promising technique in 
predicting failure in engineering materials and structures. 
This work aims to develop peridynamic simulations to 
model unguided crack growth in asymmetric specimens. The 
presence of asymmetric circular notches around a macro 
crack tip has been studied on damage pattern of a pre-
cracked specimen.  The results indicates that peridynamics 
is successfully able to simulate complex failure modes in 
engineering structures. 
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1. INTRODUCTION 
 

Finite element method (FEM) is widely used in various 
applications in solid mechanics [1-7]. However, the FEM 
equations become singular in presence of discontinuities 
such as cracks. Therefore, additional efforts are required 
to make the FEM sufficient in fracture mechanics. 
Extended finite elements (XFEM) and cohesive zone model 
(CZM) are improvements on the classical FEM to avoid 
singularity around the crack tip. CZM [8, 9] is mesh 
dependent, where crack can only follow between the 
elements. Although XFEM [10, 11] can predict arbitrary 
crack growth, it is computationally costly. Furthermore, 
both methods require an extra criterion to obtain the 
crack growth path. 

Since most of the FE methods are costly, there is 
always a need to more efficient methods. Spectral finite 
element is a computationally very efficient alternative. The 
drawback of the spectral finite element is in modelling 
complex and realistic structures. Khalili et al. [12-14] 
formulated WSFE-based elements and implemented them 
in Abaqus through user defined element (UEL) subroutine. 
The WSFE-based UEL has the computational efficiency of 
the WSFE and also is capable of modelling realistic 
structures. The WSFE-based UEL is a huge step forward 
since the introduction of spectral finite element to the 
FEM. Later one they even proved the ability of the WSFE-
based UEL in generating baseline data for structural health 
monitoring (SHM) purposes [15].   

Peridynamics is an alternative continuum mechanic 
formulation which reformulates the equation of motion by 
substituting differential terms with integral terms [16-23]. 
Therefore, the peridynamic equations are valid in 
discontinuities and consequently is a perfect technique in 
predicting material failure. Furthermore, the damage 
modeling is an inherent feature of the peridynamics and 
there is no need for extra criteria for crack initiations and 
propagation. Ha and Bobaru [24] studied dynamic crack 
branching in brittle materials using peridynamics. 
Yaghoobi and Chorzepa [25] used peridynamics to predict 
the response of fiber reinforced concrete (FRC) structures.  

Chorzepa and Yaghoobi [26] used peridynamics to 
investigate fracture in FRC beams under dynamic loading. 
A mesoscale modeling of cementitious composites are 
conducted by Yaghoobi et al. [27] to investigate damage 
mechanics using peridynamics.  

The main focus of this work is to study the ability of 
peridynamics to accurately predict the complex failure 
modes of a material. In doing so, a 2D peridynamic model 
is provided. In addition to a symmetric macro crack, 
asymmetric circular notches are provided in the plate. The 
number of the circular notches and their positions are 
varying in different simulations to study if peridynamics is 
able to predict unguided and complex crack growth. The 
original peridynamic form, so called “bond-based 
peridynamics”, is used in this study. Despite of some 
limitations such as a fixed Poisson’s ratio [17,21], BBPD 
has been proven very robust technique is fracture 
mechanics. The material is assumed to be linear elastic 
and fracture is occurred with no plastic deformation. 
Results indicate that the presented modeling method 
provides a promising technique in fracture analysis of 
asymmetric bodies. 

 

2. THEORY 
 

The classical continuum theory is based on the 
assumption that material points interact only with their 
nearest neighboring points. In the peridynamic theory, a 
material point is influenced by any points within a finite 
distance as shown in Fig. 1. Peridynamic equation of 
motion of a material point at   and time   in the reference 
configuration is written as [17] 
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Fig -1 Schematic representation of peridynamic body. 

 where   is the displacement vector field,   is the mass 
density and  (   ) is the body force acting at   at time t.   
is the pairwise force function, also known as the 
peridynamic bond that connects point    to  . 

Note that the integral is defined over a region   , 
which in two dimension is taken to be a circle of radius   
called the “horizon”. Also the relative position of these two 
points in the reference configuration is given by 
                                                                                                
(2) 
and their relative displacement by 
   (    )   (   )                                                       (3)                                                                                                            

It is worth mentioning that          represents 
the current relative position vector connecting the 
particles. A micro-elastic material is defined as one for 
which the pairwise force derives from a micro-potential,   
[17] 
 (   )  

  (   )

  
                                                                                  

(4) 
The strain energy density at a given point is 

 ( )  
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(5) 
The factor of a half in Eq. (5) is present because the 

elastic energy in a bond is shared by the two points 
connected by the bond. A micro-elastic potential, which 
leads to a linear relationship between the bond force and 
the relative elongation of the bond, is obtained if we take  

 (   )  
 

 
                                                                                     

(6) 
where  , called ``micromodulus”, is a material parameter 
and   is the bond relative elongation. 
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(7) 
Note that | | represents the length of a vector  . The 

corresponding pairwise force becomes 

 (   )  
  (   )
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|   | 
 is the unit vector along the direction of vector 

   , the bond between   and    in the deformed 
configuration. The value of the micromodulus 
corresponding to a given bulk modulus  , and for isotropic 
materials, is computed by matching the peridynamic strain 
energy density to the classical strain energy density [17]. 

  
   

                                                                                                    

(9) 
Note that if the stretch between two points reaches to 

its critical stretch,   , the bond is broken. To model bond 
breakage, a weight function is defined as 

 (   )   {
        
          

                                                                  

(10)                    
 

  
(a) Model I (b) Model II 
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(c) Model III 

Fig -2 Schematic of the pre-cracked model with asymmetric circular notches subjected to tension. 

  
(a)           (b)           

  
(c)           (d)           

 
(e)           

Fig -3 Crack pattern for five cases of Model I with           and varying  . 
 
Therefore, the pairwise force in Eq. (8) is updated to take 

into account the bond breakage as follows 

 (   )   (   )  
   

|   |
                                                               

(11) 
For the peridynamic point  , a damage factor is defined 

as follows 

 (   )    
∫  (   )   

  
   

∫         

                                                          

(12) 
The damage factor resembles the ratio of broken bonds 

over total number of bong initially connected to point  . 
Note that,      , with 0 representing no damaged 

material, and 1 representing complete disconnection of 
the point from all of the points with which it initially 
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interacted. In Section 4,   is used is illustrating plot 
damage evaluations. 
 
 
3. ANALYTICAL MODEL 
 

A two-dimensional               plannar model is 
developed. As seen in Fig. 2, the symmetric macro crack 
with length of       is provided in the model. 
Furthermore, asymmetric circular notches with radius of 
       are provided in order to study the unguided 
crack growth. Three main sets of models are provided 
based on the number and arrangement of circular notches. 
The first set, indicated as “Model I” in Fig. 2a has a single 
notch. For this case, five different cases are provided by 
varying the notch location. The second and the third sets 
have two circular notches, but with different arrangement 

(see Fig. 2b,c). Varying the horizontal location of the 
second notch, hereinafter referred as the “right notch”, five 
different cases are designed for each model.  

A linear elastic material is assumed with brittle 
fracture. Therefore, no plastic deformation is occurred 
during damage process. Mechanical properties is provided 
in Table 1. The quadrilateral peridynamic point 
distribution is utilized with point spacing (grid size) of 
        . The horizon size is selected as     . The 
critical stretch is taken as        . 

As seen in Fig. 2, displacement loading,    
        , is applied to both side of the plate. Therefore, 
the beam is subjected to total displacement loading of 
            . The displacement loading is applied in a 
quasi-static state. Under the quasi-static loading condition, 
the equilibrium system of equations is obtained by 
eliminating acceleration term in Eq. (1).  

  
(a)            (b)           

  
(c)            (d)            

 
(e)            

Fig -4 Crack pattern for five cases of Model II with          ,           and varying   . 
An incremental-iterative method is employed to obtain 

the equilibrium system. Dynamic relaxation method [28] 
is adopted in order to solve the peridynamic system of 
equations. The application of dynamic relation method in 
peridynamics are explained by Kilic and Madenci [29] and 
Yaghoobi and Chorzepa [25]. The sensitivity of results to 
mesh size was inspected as well [30, 31].  Crack growth 

and development caused by external tension have been 
studied in case of a composite [32] or metallic samples 
[33, 34].  
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Table -1: Mechanical properties of the plate material. 
Elastic Modulus, 
 (    ) 

Poisson’s ratio, 
  

Tensile strength, 
   (MPa) 

20,000 0.25 2 

 

4. RESULTS  

 
Figs. 3-5 illustrate the predicted crack growth patterns 

using the bond-based peridynamics. In these figures, crack 
is represented using the peridynamic point damage factor, 
 , defined in Eq. (12). Blue color represents points with no 
damage,    , and red color illustrates points with 
complete disconnection from all of the points,    .  

Fig. 3 shows the results for cases belong to Model I (see 
Fig. 2a). Five different cases are analysed for varying the 
position of the circular notch. In all cases, the macro crack 
grows from the crack tip and ends to the circular notch in 

a curve-shaped path. Then, another crack is initiated and 
grows from the notch to the specimen’s wall. By 
positioning the notch far away from the crack tip (see Figs. 
3d and 3e) a third crack is observed initiated from the 
notch growing to the left side.  

Fig. 4 illustrates the damage pattern for cases belong to 
Model II (see Fig. 2b). Five different cases are studied with 
fixed position of the left notch, while the right notch 
position is varying. In all cases the macro crack grows 
from the crack tip to the left notch. Then, it continues to 
grow from the notch to the right notch. Meanwhile, a 
smaller and parallel crack is initiated from the right notch 
approaching to the left notch. When two notches are 
relatively close (see Figs. 4a-c), the larger crack initiating 
from the left notch reaches to the right notch. In other 
cases (see Figs. 4d-e), the cracks between two notches are 
coalesced. In all cases, the final fracture stage is a crack 
initiating from the right notch approaching to the 
specimen’s wall.  

  
(a)            (b)           

  
(c)            (d)            

 
(e)            

Fig -5 Crack pattern for five cases of Model III with          ,           and varying   . 
The damage pattern for the cases belong to the Model 

III are presented in Fig. 5. Five cases are provided where 
the position of the top notch is fixed with varying position 
of the bottom notch. Similar to the cases of Model I, the 
major damage in these cases is the growth of macro crack 

to the top notch followed by a crack initiated from the top 
notch approaching to the specimen’s wall.  

Furthermore, damage is also observed around the 
bottom notch. For cases in which the bottom notch is far 
away the specimen notch, a single crack is initiated and 
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grows to the specimen’s wall (see Figs. 5a,b). When the 
bottom notch is near the specimen notch, a curve-shaped 
crack is initiated from the bottom notch growing to the top 
notch (see Figs. 5c-e).   

5. CONCLUSION  

 
This paper employs peridynamics in order to study the 

effect of asymmetric circular notches on fracture 
behaviour of pre-cracked specimens. The following 
conclusions can be drawn from above works: 
 Peridynamics is a promising technique in modelling 

discontinuities such as cracks. 
 Peridynamics only require a single bond breakage 

criteria.  
 There is no need for extra criterion for crack initiation, 

propagation, coalescence and to obtain crack growth 
path. In other word, peridynamics unifies the damage 
prediction requirements. 

 Peridynamics can successfully predict the unguided 
crack growth in asymmetric specimens.  

 
While the present work builds a distinct framework for 

fracture analysis of asymmetric specimens and structures, 
future works includes: 

 
 Study of refinement in peridynamic point spacing and 

to study the effect of horizon size on crack growth 
pattern.  

 Enhancing material model to cover nonlinear 
behaviour.  

 Extending the presented approach to three-
dimensional models.   
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