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Abstract -A graph labeling is a mapping that carries a set
of graph elements onto a set of numbers called
labels(usually the set of integers). In this paper we prove the
existence of graph labeling such as Z3- vertex magic total,Z3-
edge magic total labeling and total magic cordial labeling
for extended duplicate graph of comb graph and middle
graph of extended duplicate graph of path graph. We also
provide an algorithm to obtain n- edge magic labeling for
extended duplicate graph of comb graph .
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1. Introduction

Rosa introduced the notion of Graph labeling in
1967 [1].In 1970 Kotzig and Rosa defined the concept of
edge magic total labeling [2]. A detailed study on graph
labeling has been done by Gallian [3 ]. MacDougall et. al
introduced the notion of vertex magic total labeling in
1999 [4].

Thirusangu et., al introduced the concept of Extended
Duplicate graph [5]. They proved that the Extended
duplicate graph of twig graph admits Zz - vertex magic
total , edge magic total and total magic cordial labeling. In
[6] they also proved some results on Extended duplicate
graph of comb graph.

In 2012 Jeyapriya and Thirusangu introduced 0- Edge
magic labeling and shown the existence of this labeling for
some class of graphs [7].Neelam Kumari and Seema Mehra
establish the concept of 1- Edge magic and n - Edge magic
labeling [8].They proved P;,Ci(t is even) and sun graph S¢(t
is even) are n- Edge magic.

Hamada et. ,al introduced Middle graph [9] and they
proved middle graph of the complete graph ( Kn) has (n-1)
forest coloring. Arundhadi and Thirusangu proved some
colorings on middle graph of some class of graphs [10].

Definition: 1.1

Let Pm+1 be a path graph .Comb graph is defined as
Pm+10O (m+1)Kj. It has 2Zm+2 vertices and 2m+1 edges.

kkk

Definition :1.2

The middle graph M(G) of a graph G(V,E) is defined
with the vertex set as VUE and two vertices u, v in M(G)
are adjacent if they are incident in G or they are adjacent
edges in G.

.Definition : 1.3

Let ~(V,E) be a Comb graph. A Duplicate graph of G is
DG=(V1,E1) where the vertex set Vi = VUV' and VNV'=p
and f: V-V' is bijective (for v € V, we write f(v) = v' for

convenience) and the edge set E; of DG is defined as
follows: The edge vivjis in E if and only if both vivj' and vi'v;
are edges in E1.The extended duplicate graph of G is the
graph DG W{viv'}, for some i’

Definition : 1.4

A labeling function f : VUE — Z3 -{0} is said to be a Z3

- vertex magic total labeling in G(V,E) if there exist a
function f*: V- NWW{0} such that f*(vi) = {f(vi) +Y, f(e)}

(mod 3), is a constant where e is the edge incident at v; .

Definition : 1.5

Alabeling function f : VUE — Z3 -{0} is said to be a
Z3- edge magic total labeling in G(V,E) if there exist a
function f*: E - NL{0} such that
£*(vivy) ={f(vi+f(vj)+f(vivj)}(mod3) is a constant for all
edgesviv; EE.

Definition : 1.6

A graph G(V,E) is said to admit total magic cordial
labeling if f : VWM E — {0,1} such that (i). f(x) + f(y)+f(xy)}

(mod 2) is constant for all edges xy € E. (ii) forall ij €

{01}, {mi(f) +ni(f) } - {my(f) +ny(f) } < 1, (i# j) where
mi(f)={e EE /f(e) =i} andni(f)={vEV/f(v)=1i}
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Definition : 1.7

Let G=(V,E) be agraph. Let f:V - {-1,1}and f*:E —
{0} such that for all uv € E, f*(uv) = f(u) + f(v) = 0 then the
labeling is called 0 - Edge magic labeling.

Definition : 1.8

Let G = (V,E) beagraph.Let f:V - {-1n+1}andf*: E
— {n} such that for all uv € E, f*(uv) = f(u) + f(v) = n then
the labeling is called n - Edge magic labeling.

In this paper, we prove that, the extended duplicate
graph of Comb graph admits Z3 - vertex magic total ,Z3-
edge magic total ,total magic cordial and n - edge magic
labeling. We show that the middle graph of extended
duplicate graph of path graph is Z3 - vertex magic total ,Z3-
edge magic total and total magic cordial graph.

2. MAIN RESULT

In this section we present the structures of the
extended duplicate graph of a comb graph and the middle
graph of extended duplicate graph of path graph. We
obtain labelings such as  Z3 - vertex magic total , Z3 -
edge magic total ,total magic cordial and n - edge magic
labeling .

Definition: (Structure of the extended duplicate

graph of a comb graph)

Let G(V,E) be a comb graph. The duplicate graph of
comb graph DG(comb)= (V1,E1) has 4m+4 vertices and

4m+2 edges.
Denote the vertex set as Vi=
{V1,V2 e V2ms2,V1',V2 eeeeVams2'} and the edge set as

Ei= {(vivii' U vi'viii for 1 <i<sm) U (vi'Vimsisr U Vivimeisr

for 1 <i < m+1)}. The extended duplicate graph of comb
EDG(Comb) is obtained from DG(comb) by adding the
edges (i) ViVme1 and Vme2'vomez' if m = 1(mod 2).(ii)
V1Vm+1' and Vme2'Vams2 if m = 0(mod 2) .

Thus the extended duplicate graph of comb graph has

4m+4 vertices and 4m+4 edges.

Definition: ( Structure of Middle graph of

Extended Duplicate graph of Path(P.)).

Let EDG(Pm) be a graph with 2m+2 vertices {vi,vz,
...... Vms1,V1' V2 yeeeVme1'} and 2m+1 edges where ‘m’

represents the length of the path Pn. The middle graph of
EDG(Pm) is obtained by introducing a new vertex w; on
each edge as follows:

Vivisl owW; 1 <ism,  Vivii'— Wism1; 2<i<m+1;

!
V2V2 — Wams+1.

Thus the middle graph of EDG(Pw) is a (V,E) graph
where

V={viUv/Uwyx / 1< i< m+land 1<k<2m+1}

E= {ViWi; WiVi+1’ for 1 <i S m } U {V1W1+m»1 5 Wiim-1 V1.1’
for 2< i< m+1} U {vowams1 ; Wome1v2'} U {Wiwiemer forl< i

<m } U {wiwin.1 form <i < 2m}U {wiwzm.i for 1 < i< 2

and i=m+1 and i=m+2 }. Thus MEDG(Pn) has 4m+3
vertices and 6m+4 edges.

Algorithm: 1

Procedure :Zs-vertex
EDG(comb)graph.)
//assignment of labels to the vertices and edges

magic total labeling for

V1,Vmel, Vel Vme2 ,Vi'V2  « 1
A\ « 2
for i=3tom-1,
{vi} «1
for i=1tom-1,
{vi <1, vwid 2}
fori=1tom,
{Vmsis1 <2}
fori=2tom ,
{Vmeir1" < 2}
for i =2 tom-1,
{vivin <« 2}
for i=1tom+1,
{ViVmsisr" , Vi'Vmeis1r < 1}
end for
ifm=1 (mod 2)
V' , Vame2' , VmVms1' , Vme2'Vame2' <10 Vi, Va2

ViVimsl , V' Vims1 < 2

if m = 0(mod 2)
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1 I
Vim , V2 , V' Vms1 , V2 Vomez < 1 @ Vm ,
! ! !
Vam+2 , ViVl , VmVmel < 2
end procedure

output :Labeled EDG(comb) graph.

Theorem: 2.1

Extended duplicate graph of Comb graph admits Z3 -
vertex magic total labeling.

Proof:

EDG(comb) (V,E) graph has 4m+4 vertices and 4m+4
edges. The vertices and edges of EDG(comb) graph are

labeled by defining a function f : VW E — {1,2}asgiven

in algorithm 1. The induced function is defined by f*
:V - N U{0} such that f*(v) = (f(v) + X f(uv) ) (mod
3).

Clearly the induced function yields the labels for the
vertices as follows:

f*(v) = (f(v) + f(uv)) (mod 3) =3 (or6) (mod 3)= 0,a
constant.

Hence EDG(comb) graph admits Z3- vertex magic total
labeling.

Example: 2.1

Z3 - vertex magic total labeling of EDG(comb) graph for m
=5and m = 6 are given in figure 1 and figure 2
respectively.

Va2 v e W2 Vesz o wel ygst Vai2owpm o W2 ge
Fig . 1: Z; - vertex magic total labeling of EDG(comb)

graphform=5

Ve=2 Vi

1 Vai=
OV:=1| 5= Vs =1 1=
1 1

L] ® © [ TRy 2
Viemz Vi3=2  yp3=2 Vu=2 (o, Ve=2 ypa=3 Vi1 o Va2=2 o,

Vio

Fig.2: Z; - vertex magic total labeling of EDG(comb)
graphform=6

Algorithm : 2

Procedure :(Z; - vertex magic total labeling for
MEDG(Py), m > 2)

// assignment of labels to the vertices and edges
W1,W2,Wmn+1,Wm+2,W2W2m+1,Wm+2W2m+1 « 1
V1,V2,V1 V2 , Wom+1, W1 Wam+1, Wm+1W2m+1,V2W2m+1,V2 W2m+1,Vm+1
Wom,Vms1 Wm < 2
for i=3 to m+1
{Vi B Vi, — 1}
for i=3tom
{Wi,Wmsi <2}
fori=1tom
{viwi, Vi'Wmsi <« 1}
for i=1tom-1
{Wiwmsinr < 1}
fori=2tom
{ViWms+i-1, Vi'Wiit, WiWmsier  « 1}
end for
end procedure
Output : labeled MEDG(Pwm).

Theorem : 2.2

Middle graph of extended duplicate graph of path Pp,,
MEDG(Pn) admits Z3 - vertex magic total labeling, where
m represents the length of the path.
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Proof:

MEDG(Pm) be a graph with 4m+3 vertices and 6m+4
edges. The vertices and edges are labeled by defining a

function f : VU E - {1,2} as given in algorithm 2. Thus

all the 4m+3 vertices and 6m+4 edges are labeled .

The induced function is defined by f* : V. — N U{0},

such that f*(v)=f(v)+Y.f(uv))(mod3)=K, a constant for all
edgesuv € E.

The total weight of each vertex is,

f*(v) = (f(v) + X f(uv) ) (mod 3) = 3 (or 6) (mod 3) =0,
a constant for all edgesuv € E.

Thus the induced function yields the weight *0’ to all
the vertices.Therefore 'f’ is a Z3- vertex magic total
labeling.

Hence the middle graph of extended duplicate graph of
path (Pm), m= 2 is Z3 - vertex magic total graph.

Example : 2.2

Z3 - vertex magic total labeling for MEDG(Ps) is given in
figure 3.

Fig.3: Z; - vertex magic total labeling for MEDG(Ps)
Algorithm: 3

Procedure : (Zs-edge magic total labeling for
EDG(comb)graph.)

//assignment of labels to the vertices and edges
Vme2 < 2 ) Vm+2, «1 ) V1Vm+2, « 2
fori=1tom+1

{vi ,vi « 1}
fori=2tom

« 1}

! !
{ Vmsisl , Vmsisl €< 25 ViVimeist

© 2017,IRJET | ImpactFactor value: 5.181

for i=1tom

{vivid| , Vi'Vier <2 ViV < 1}
end for
ifm =1 (mod 2)
Vomez < 2 Voms2' <1, Vma'Vomez <10 Vivime ,

« 2

’ ’ ’
Vm+2 V2m+2  ,Vm+1V2m+2

if m = 0(mod 2)
’ ’
Voms2 <1 Vome2' € 2, VmeiVoms2
[ l
Vm+2 V2ms2 ,Vm+l V2me2 < 2

!
—1:viVimet ,

end procedure
output: Labeled EDG(comb) graph.

Theorem: 2.3

Extended duplicate graph of Comb graph admits Z3 -
edge magic total labeling.
Proof:

EDG(comb)(V,E) graph has 4m+4 vertices and 4m+4
edges. The vertices and edges of EDG(comb) graph are

labeled by defining a function f : VIJE - {1,2 }as given
in algorithm 3. The induced function is defined by f* : E
— NU {0} such that

f*(uv) = (f(u) + f(v) + f(uv)) (mod 3).

The induced function yields the labels for edges as
follows:

ff(uv) = (f(u) + f(v) + f(uv)) = 1+2+1 (or) 1+1+2 =
4 (mod 3) = 1.

Thus the induced function yields Z3 - edge magic total
labeling with magic constant "1’.

Hence EDG(comb) graph admits Z3 - edge magic total
labeling.
Example: 2.3

Z3 - edge magic total labeling of EDG(comb) graph for m =
5 and m = 6 are given in figure 4 and figure 5 respectively.

Va2 Va2 Ve=2 Vi=2 ve=2 V=l vgsl Ve=2 yh=2 Ves2 vz

Fig. 4: Z3 - edge magic total labeling of EDG(comb) graph
form=5
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Ve Vi=g V=

=1 Vana
®V:=1| yvs=1 Vs =1 Vi=1 6=
1 1 1 1

1 2
1

L) L >
» , b ! ! s : R . - Va=
Viez Vis=2 yii=p VuT2 e o Ve=2  yp=1 ViT1 o, VizS2 0 o Vie=2 0, Ve

Fig.5: Z3 - edge magic total labeling of EDG(comb) graph
form = 6.

Algorithm: 4

Procedure : (Zs - edge magic total labeling for
MEDG(Pm), m = 2)

//assignment of labels to the vertices and edges

7
V2W2m+1, V2 W2m+1 , W1iW2m+1 ,W2W2m+1 ,Wm+1W2m+1,
« 2: wama <« 1

Wm+2W2m+1
for i=1tom+1

{vi' ,vi « 1}
fori=1tom

Wi, Wnat < 1}
for i=2tom

{Wiwmsia < 2}
for i=1tom-1

{Wiwmsizr < 2}
for i=2tom+1

{Viwmsin , vi' wia < 2}
endfor
end procedure

Output : labeled MEDG (Puw).

Theorem: 2.4

Middle graph of extended duplicate graph of path Pp,,
MEDG(Pm) admits Z3 - edge magic total labeling, where m
represents the length of the path.

Proof:

MEDG(Pm) be a graph with 4m+3 vertices and 6m+4

edges. The vertices and edges are labeled by defining a

function f : VU E - {1,2} as given in algorithm 4.Thus

all the 4m+3 vertices and 6m+4 edges are labeled .

The induced function is defined by f* : E - N L! {0},
such that f*(uv) = (f(u) + f(v) + f(uv)) (mod 3) =k, a
constant for all the edges uv = E.

We have f*(uv) = (f(u) + f(v) + f(uv)) (mod3) = 1,a
constant. Thus the induced function yields the weight 1’
to all the edges. Therefore *f’ is a Z3 - edge magic total
labeling .

Hence the middle graph of extended duplicate graph of
path (Pm), m2 2 admits Z3 - edge magic total labeling.

Example: 2.4

Z3 - edge magic total labeling for MEDG(Ps) is given in
figure 6.

Fig.6: Z3 - edge magic total labeling for MEDG(Ps).
Algorithm: 5

Procedure:(Total magic cordial labeling for EDG(comb)
graph, m = 2)

//assignment of labels to the vertices and edges
for i=1tom
{vivis" , Vi'Viaa <1}
for i=1tom+1
{ViVmsier’ , Vi'Vmsier < 0}
end for
if m =0 (mod 2)
ViVms1' 5 Vme2 Vzme2 <1
for i=1tom+1

{Vi ,Vm+i+1, <0 5 Vi’ 5y Vm+i+1 — 0}
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end for
ifm = 1 (mod 2) . '

V1Vm+1 :Vm+2,V2m+2, <1

for i=1tom+1

{Vi ) Vi’ ) Vm+it1 :Vm+i+1, «1ifi=0 (mod 2) .
Vi=1 Vii=0 Vio=1 Vizo Ve=1 Vi=0  vi=l

. L
Vs=1 Vi=0

} 0 otherwise. Fig . 7: Total magic cordial labeling of EDG(comb) graph
form=>5
end for
end procedure. — = . e N
Output : labeled EDG (comb) graph. 1 \/\/ 1 /
Theorem: 2.5 V=0 vi=o vs-o vi-o .
Extended duplicate graph of Comb graph, EDG(comb)
graph admits total magic cordial labeling. ¢ ° s

a
. — ? e S
Vie=g Vis=1  y;3-@ V=1 Vie=g V?=1 Vs=o0 Vi Vis=

Proof: Fig.8: Total magic cordial labeling of EDG(comb) graph
form=6.

EDG(comb) be a graph with 4m+4 vertices and 4m+4
edges. The vertices and edges are labeled by defining a

function f : VU E — {0,1} as given in algorithm 5.

Algorithm: 6

Procedure:Total magic cordial labeling for MEDG(Pn) ,

Clearly, the number of edges labeled with "0’ is 2m+2 m 2 2)

and '1’is m+m+2 =2m+2 and the number of vertices
labeled with '0’ is m+1+m+1 =2m+2 and ‘1’ is
m+1+m+1 =2m+2

//assignment of labels to the vertices and edges

’
Vmel , WaW2msel , WmsiWamel , Wms2Wamset < 1 .

Thus all the 4m+4 vertices and 4m+4 edges are labeled
such that the number of vertices labeled with * 0’ and
“1'differ by atmost one . The number of edges labeled with
"0’ and "1’ are also differ by atmost one. 1 otherwise.

1
W2m+1 ,W1W2m+1 , V2W2me1, V2 Wam+l <« 0.
Vm+1'Wme 0 if m= 0 (mod 2)

The induced function is defined by f* : E - {0,1} such for i=2tom
that f*(uv) = (f(u) + f(v) + f(uv) ) (mod 2).

{viwii < 0, Wiwmsin < 0ifi =0(mod 2)
Thus the induced function yields,

f*(uv)=(f(u)+f(v)+f(uv) ) = 0+0+0 (or) 1+0+1(mod 2) =0 } 1 otherwise.
which is a constant "0’.Hence the extended duplicate

graph of comb graph is total magic cordial graph. for i=1tom+1

Example : 2.5 fvi <0}

fori=1tom
Total magic cordial labeling of EDG(comb) graph for
m=5 and m = 6 are given in figure 7 and figure 8 {Wmsi <« 1,vi « 0 if i=0(mod?2)

respectively.
P Y } 1 otherwise.
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fori=1tom
{ wi ,viwi, viwWmy <« 1ifi =0(mod 2)
} 0 otherwise.
for i=2tom+1
{Viwmsiir <« 1}
for i=1tom-1
{Wiwmsiz1 & 1ifi =1(mod 2)
} 0 otherwise.

Output :labeled MEDG (Pn).

Theorem: 2.6

Middle graph of extended duplicate graph of path Py,
MEDG(Pw) admits total magic cordial labeling , where m
represents the length of the path.

Proof:

The graph MEDG(Pw) has 4m+3 vertices and 6m+4
edges. The vertices and edges are labeled by defining a

function f : VU E - {0,1} as given in algorithm 6.

Clearly, the number of vertices labeled with 0 is
2m+2 and 1 is 2m+1 and the number of edges labeled
with 0 is 3m+2 and 1 is also 3m+2.

Thus all the 4m+3 vertices and 6m+4 edges are
labeled such that the number of vertices labeled with * 0’
and ‘1’differ by atmost one . The number of edges labeled
with “0’ and "1’ are also differ by atmost one.

The induced function is defined by f* : E >N U {0} ,
such that f*(uv) = (f(u) + f(v) + f(uv) ) (mod 2).

Thus we have f*(uv) = (f(u) + f(v) + f(uv)) (mod 2)
= 1+1+0 = 2(mod 2) = 0, a constant. Hence the middle
graph of extended duplicate graph of path (Pn), m= 2 is
total magic cordial graph.

Example: 2.6

Total magic cordial labeling for MEDG(Ps) is given in
figure 9.

Vi1 V=0 V= V=0 V=1 Vo=1

V,=0 V,=0 V3=0 V=0 V=0 V=0

Fig.9: Total magic cordial labeling for MEDG(Ps)
Algorithm :7
Procedure : ( n- Edge magic labeling for EDG(comb)
graph, m > 2).
// assignment of labels to the vertices
If m = 1(mod 2)
for i=1tom+1
{vi,vi « -1if i =1(mod 2)
} n+1 other wise.
for i =2 tom+2
{Vm+i , Vmsii & -1 if i =1(mod 2)
} n+1 other wise.
If m=0 (mod 2)
for i=1to2m+2
{vi «n+l , v/ « -1}
end for

Output :Labeled EDG(comb) graph.

Theorem: 2.7

Extended duplicate graph of Comb graph admits n-
Edge magic labeling.

Proof:

EDG(comb) graph has 4m+4 vertices and 4m+4
edges.The vertices are labeled by defining a function
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f:V —-{1,n+1/neN} asgiveninalgorithm 7.The
induced function is defined as f*: E — N such that
f* (uv) =f(u) +f(v).

Thus we have f*(uv) = f(u) + f(v) =-1+n+1=n,a
constant for all uv € E.

Thus EDG(comb) graph admits n - Edge magic
labeling.

Example: 2.7

n - Edge magic labeling of EDG(comb) graph form =5

and m = 6 are given in figure 10 and figure 11 respectively.

Vs=nH V=

‘ 3 [ ) ‘ [ :
Vuznd  Vp=q  Vetml  Ve=d Vizml V=4 VoEmloyiog Vozntl  yg=g

Vi=-1

Fig. 10: n - Edge magic labeling of EDG(comb) graph
form=5

o= Onil

2 by > ) ¢

] b
Vo=ml = V:::Mbszt_l V;::mlvj_:_IVm=m‘/9':41 Ve=n#l

[
d_qVi=mly o4 Viu=n#l o
Vil Vis=mly o Vio=-1

Fig. 11: n -Edge magic labeling of EDG(comb) graph for

m=6

L
v

CONCLUSION :

In this paper we proved the existence of Z3 - vertex
magic total ,Z3- edge magic total ,total magic cordial, n -
edge magic labeling for the extended duplicate graph of
comb graph and Z3 - vertex magic total ,Z3- edge magic
total ,total magic cordial labeling for the middle graph of
extended duplicate graph of path graph by presenting
algorithms.
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