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Abstract - This present paper gives a broad idea of cyclic
nature of the convex polygons having odd number of sides and
their application in static analysis of mechanical and
structural systems. By using Lami’s Theorem we analyze the
static equilibrium for three forces system but as the number of
forces increase it becomes very difficult in analysis, here in this
paper Lami’s Theorem is modified and generalized to analyze
the system of forces when in static equilibrium and have
coplanar, concurrent and non-collinear in nature regardless of
their number. In this paper also a sufficient condition is
derived for vector/space diagram which helps in determining
that whether the vector/space diagram can transform into
cyclic convex polygon/n-gon or not and its application in static
analysis.
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1. INTRODUCTION

From the past works we know the magnitudes of three
coplanar, concurrent and non-collinear forces, which keeps
an object in static equilibrium, with the angles directly
opposite to the corresponding forces is given by [1]

a b c
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where a, b and c are the magnitude of three coplanar,
concurrent and non-collinear forces, which keep the object
in static equilibrium, and a,  and y are the angles directly
opposite to the forces A, B and C respectively.

The above theorem is named Lami’s theorem after Bernard
Lami (1640-1715) [2].

In the Lami’s theorem sine rule for triangle’s play an essence
role which says

ol b e
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where a, b, and c are the length of the sides of a triangle, and
0, ¢, and 6 are the opposite angles, while 2R is the diameter
of the triangle's circumcircle.

1.1 For 3-gon:

In case of triangles i.e. 3-gon we have sine rule given by
equation (i) [3][4]. [tis interesting that n-gon (itis requested
to reader to treat polygon as convex polygon wherever term
polygon is used in this paper) having odd number of sides i.e.
for n € odd the sine rule gets the similar form as in case of 3-
gon. For time, in this paper brief calculation for 5-gon and 7-
gon are discuss in detail and the pattern that the sine rule
follows.

1.2 For 5-gon:

Leta 5-gon ABCDE cyclic in nature under circle of radius
R and having sides a, b, ¢, d, e and angles 61, 82, 83, 84, and 65
as shown in figure. Let aline OF LBC is drawn and m = 2BOC.
Then,

D
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Considering the fig. of 5-gon, we have

2m— £EOB=2+EAB =28,

= +EOB=2(m—6,)

... (ii)
And from AFOC,
T b
sIn (5) ﬁ
Or
m =2 sin_l{'i} (iii)
R
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From fig. of 5-gon, we have

ZEOB +sm =2.EDC .
.. (iv)

Using equation (ii), (iii) and (iv), we have
6, + @ + sin ™1 k )
=m+sin {—

Taking sine on both sides, we get

i b
mi{gy +8.) = ——
sin(#, + 6) R
Similarly,
in(8, +68;) ©
sin =——
in(d; + 8;) = e
sin(f: T
in(d; + &) ¢
sin = ——
e 2R
in(fy +6,) = d
sin{&, 2)=—5p
From all above equations, we get
a b c d £

snf; +8) sn(@ +8,) sn(@+6) sin(g,+0) sind+8)

From above we can conclude for any cyclic 5-gon
corresponding sides
Slll{E En!rs:":'mrs }

1.3 For 7-gon:

= constant

Let a 7-gon ABCDEFG, cyclic in nature under a circle of
radius R and having sides a, b, ¢, d, e, f, g and angles 64, 6>, 63,
04, 05, 86 and 07 as shown in figure. Join GC. Then,

E
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Considering the fig. of 7-gon, we have

P
B + £FGC = m + sin"1{—)
2R ()
And

B, +2CGA=m .
= o (Vi)

Adding equation (v) and (vi)

.. C
By +8; + £FGC+ £CGA =2m + sin_l{_ﬁ]
Or
8 +8-+8, =2n+ 5111‘1{'i}
2 5 7= SR
Taking both sides sine, we have

(8, + 6 + 6;) = —
SNt Ga 5 ?—ZR

Similarly,

in{fy + 6; + 6;) = e
Slni by s 7 TSR

. b
in(f, + 8. +8,) =—
sin{8y + 6 + 6,) R

i {L'? & +8& } =
sn + =

. =3
5111{_8? + 3: + 84} =—_—

2R
sin{@, +8; +6;) =—
(& 3 5) 2R
sin(f, + 8, +6;) = g
- 2R
From all above equations, we get
a b ¢ g

-0

=4

flfy+h+8) B +h+8) @b +hes)  snlb+6+E)

From above we can conclude for any cyclic 7-gon,
corresponding sides
Slll{E ERH'EI:":'IRE‘EI }

In the same way for the higher n-gon’s we obtain the same
pattern i.e. for cyclic polygons when n is odd then

= constant

corresponding sides

: = constant
Slll{E g !ra:":lmm}

.. (vii)

Where Y.Balternate denotes the sum of all alternate angles in a
n-gon except the angles associated with the corresponding
side. For e.g. in case of 5-gon Y.Baiternate = 01404 for the side b
and 0, 03 are the angles associated with b therefore didn’t
take part in )Baernate for the side b.
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2. TRANSFORMATION OF n-gon’s INTO VECTOR
DIAGRAM AND VICE VERSA

Any n-gon can be transformed into the vector/space
diagram such that length of the sides of n-gon represents
magnitude of the vectors and the direction of these vectors
from each other can be represent as function of interior
angles of n-gon’s.

Transformation of n-gon into vector diagram can be done
by drawing lines (of same magnitude as of sides) parallel to
the sides of the n-gon and bringing them at one of the vertices
of the n-gon (any vertices can be taken as origin for n-gon for
vector diagram transformation, there be only change in the
transformation matrix with change of vertices) such that the
transformation is optimum and wide to application.

For the time the transformation of 3-gon, 5-gon and 7-gon
is presented but it is true and can be manipulated for any n-
gon.

2.1 For 3-gon:

Transformation can be done by drawing the lines parallel
to the side of the 3-gon and bringing all the sides at one
vertices/point. In the below example of AABC having sides a,
b, c corresponding to angles 81, 82, 03 (or A, B, C) respectively,
point B is taken as origin O. These are the steps involved in
the transformation,

1. PointBis setas origin O.

2. Line parallel to b is bring at point B such that it
makes angle o with c.

3. Line parallel to a is bring at point B such that it
makes angles § and y with c and b respectively as shown in
diagram.

The line parallel to a is drawn here considering the
optimum transformation and having wide to application.

/ ‘\\ 4
/e, \
b / \a e c (1 v
/ \ ;

/
/ \ d
/ e &\

C

It is easy to obtain from the diagram that the
transformation of 3-gon to vector diagram and vice versa can

be given by
&, 1 00 —a
g |l=l0 1 of|lT—F
&y 0 0 17\ ¥

2.2 For 5-gon:

In case of 5-gon ABCDE, point A is taken as origin and
vector transformation of 5-gon is done as shown in diagram.

D

d o4 (" e»
Efes 83/ ¢ a a
) [ m— 6 & B g
e O'm ¥ 8 ¥
»
é1 o) d ¢
A a B b'

One can obtain in this case that transformation can be
given by

= 10000 o

& o1-100||m+F

B |=|lo0100]||m—¥F

B oo0-110])\m+8@

B 00001 8
2.3 For 7-gon:

In case of 7-gon ABCDEFG, point A is again taken as origin
and vector transformation of 7-gon is done as shown in
diagram.

E y

ol "
FO; ‘310 1 0
f ¢ ' :l_—,“ a‘—'d
P — !
-8 8, N—— 05 & ‘
G ic P‘ ’ 4
’ 4
g b
0 e; b ! C
A @ B
In this case transformation can be given by
1 0 0 0 0 0 0
gi oty T e e T Y, miﬁ
2 1 1y -1 -1y -1y 1 1
t /2 fZ /2 /2 /2 3{2 /2 T—y
% | = ? ? i 1{J 10 10 ? it
B “hT7hTh h th th T %ﬁig
B 1 1y, -1/ 17 =17 -1y 1 T
W) 1 Y T Yy Ay Y [N

7 Y Th Y Y,

3. CONDITION FOR THE VECTOR/SPACE DIAGRAM
TO BE CYCLIC n-gon

Let Sn(x) denotes the function of angles and defined as,

5;1{:1'} = f{:ﬂﬂ B.y.8,8, } = Z Baiternats
x
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wherea, 3,7, 6, §, ... denotes the angles corresponding to the
vector/space diagram of n-gon. Then,

For 3-gon:
S3(a) = Zﬂan!ra:":mta =n—a
S3(8)= ) Gutcornace =7 =
S3le) = chn:rsr:mra =n—y
For 5-gon:

Ssla) = Zfﬂ:rmmrs =m+d&—y
.&@}zi;mmem=a+a+y
S5()= ) Gutcarnace =B +3 -+
S:(d) = Zdﬁ'ﬁm,.,mm =n+a—y

55{:‘9) = Z En!ra:":'mrs =8+ EF + ﬁ
g

In the same way S,(x) can be obtained for all n-gon.
Equation (vii) in terms of S,(x) can be given as follow:

X

——— = constant
sin(S,,(x))

... (viii)

To obtain the condition that the vector diagram is cyclic n-
gon or not static analysis relating the co-planar, concurrent
and co-linear vectors are being use.

Consider n-gon vector diagram having vectors of magnitude
a, b, cd,e, .., nand transformed angles be o, 3, v, 6, §, ..., 6n
as considered in vector diagram.

Considering the system is in static equilibrium under vector
a,e,d’,b’, .. n and c . Let R” be the resultant vector of
vectors a’, e, d’, b, .., n” having magnitude R and

countering the vector c”.

Therefore, if the system is in static equilibrium then
magnitude of R” and ¢” must be same i.e.

R=c .. (i%)

-+

The magnitude of resultant vector R” can be given by

R= Z x cos(C, (x))

XEC
Where,

C.lx)=gla B y.0,8 ..) =0m— £cox

From equation (viii) we have,

x = k sin(5,(x))

Where k is some constant.
Putting this value in equation defining R, we get

R= Z k sin(S, (x)) cos(C,, (x))

XEC

from equation (ix), we have

R = ksin(5,(c))
Or

Z k sin(S,(x)) cos(C,,(x)) = k sin(5,,())

Or

Z sin (S, (x)) cos( C,(x)) = (cos(C,, ()} + 1)sin(S,,(c))

Above relation is the required condition for a vector/space
diagram to be cyclic n-gon.

4. CONCLUSIONS

In statics, Lamis’s Theorem is an equation relating the
magnitudes of three co-planar, concurrent and non-collinear
forces, which keeps an object in static equilibrium with the
angles directly opposite to the corresponding sides.

The Lami’s Theorem can be modified for more than three
forces without hindering its beauty and in more details. Also
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the transformation of n-gon to vector diagram acts like the
bridge which helps in establishing the relationship.

The statements for the generalized Lami’s Theorem can be
given as,

“When three or more than three (number of forces be odd)
co-planar, concurrent and non-collinear forces acts on an
object such that it keeps the object in static equilibrium and
the forces follow the cyclic condition then each forces are
proportional to the sine of the function of angles between the
others forces.” According to theorem,

If

Z sin (S, (x)) cos(C,(x)) = (cos(C,(c)) + 1)sin(S,())

Then for all n belongs odd

X

—— = constant
sin(S,,(x))
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