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Abstract – A Non-homogeneous binary quadratic equation represents hyperbola given by 2038 22  yx is analyzed for its non-

zero distinct integer solutions.  A few interesting relation between the solution of the given hyperbola, integer solutions for other 
choices of hyperbola and parabola are obtained.  
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1. INTRODUCTION  
 

The binary quadratic Diophantine equations of the form )0,,(,22  NbaNbyax are rich in variety and have been analysed 

by many mathematicians for their respective integer solutions for particular values of a , b and N. In this context, one may refer 
[1-13]. 

 

This communication concerns with the problem of obtaining non-zero distinct integer solutions to the binary quadratic 

equation given by 2038 22  yx representing hyperbola. A few interesting relations among its solutions are presented. 

Knowing an integral solution of the given hyperbola, integer solutions for other choices of hyperbolas and parabolas are 
presented.   

2. Method of Analysis    
 
The Diophantine equations representing the binary quadratic equation to be solved for its non-zero distinct integer solution is 

 

2038 22  yx                                                                                                                                                                               (1) 

Consider the linear transformations 

               TXx 3 , TXy 6                                                                                                                                                               (2) 

From(1) and(2), we have 

            1930 22  TX                                                                                                                                                                                (3) 

Whose smallest positive integer solution is 

            1,7 00  TX  

To obtain the other solutions of (3), consider the Pell equation 

          130 22  TX                                                                                                                                                                                   (4) 

Whose smallest positive integer solution is    5,1
~

,
~

00 TX  
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The general solution of (4) is given by 

                          nn gT
302

1~
 , nn fX

2

1~
  

where  

                        11 )245()245(   nn

nf  
 

                       
,.....1,0,1,)245()245( 11   ng nn

n , 

 Applying Brahmaguptha lemma between  00 , yx  and  nn yx ~,~  the other integer solutions of (1) are given by, 

                     
nnn gfx

24

39
81 

  

                    
nnn gfy

24

64
131 

 

  The recurrence relations satisfied by and y are given by 

                     

010 123   nnn xxx

 

                     

010 123   nnn yyy

 

Some numerical examples of x and y satisfying (1) are given in the Table :1 below 

Table:1 Numerical example 

n  
nx  ny  

0 16 26 

1 158 258 

2 1564 2554 

3 15482 25282 

4 153256 250266 

 

From the above table, we observe some interesting relations among the solutions which are presented below: 

 Both nx and ny  values are even . 

2.1.  Relations among the solutions are given below. 

 053 121   nnn xxy  

 010 123   nnn xxx  

 053 122   nnn xxy  
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 05493 123   nnn xxy  

 04930 131   nnn xxy  

 08049 131   nnn xyy  

 08549 132   nnn xyy  

 03495 123   nnn yxx  

 085 122   nnn yxy  

 016 123   nnn yxy  

 05849 132   nnn yxy  

 08049 133   nnn yxy  

 058 121   nnn yyx  

 010 123   nnn yyy  

 053 233   nnn xxy  

 035 223   nnn yxx  

 058 223   nnn yxy  

 085 233   nnn yxy  

 06 133   nnn xxy  

 
04930 133   nnn xxy

 

2.2. Each of the following expression is a nasty number: 

  2222 23438460
5

1
  nn yx  

  3222 2342322180
15

1
  nn xx  

  4222 234229861800
150

1
  nn xx  

  3222 2343792300
25

1
  nn yx  

  4222 234_375362940
245

1
 nn yx  

  2232 2322384600
25

1
  nn yx  

  2242 229863842940
245

1
  nn yx  

  2232 3792384480
40

1
  nn yy  

  2242 375363844800
400

1
  nn yy  

  4232 232222986180
15

1
  nn xx  

  3232 2322379260
5

1
  nn yx  

  4232 232237536300
25

1
  nn xx  

  3242 229863792300
25

1
  nn yx  
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  3242 229863753660
5

1
  nn xx  

  3242 375363792480
40

1
  nn yy  

2.3. Each of the following expressions is a cubical integer. 

  113333 1171923964
5

1
  nnnn yxyx  

  214333 117116139387
15

1
  nnnn xxxx  

  315333 11711493393831
150

1
  nnnn xxxx  

  214333 117189639632
25

1
  nnnn yxyx  

  315333 11718768396256
245

1
  nnnn yxyx  

  123343 116119238764
25

1
  nnnn yxyx  

  133353 11493192383164
245

1
  nnnn yxyx  

  123343 189619263264
40

1
  nnnn yyyy  

  133353 18768192625664
400

1
  nnnn yyyy  

  325343 1161114933873831
15

1
  nnnn xxxx  

  224343 11611896387632
5

1
  nnnn yxyx  

  225343 1161187683876256
25

1
  nnnn yxyx  

  2343\53 1149318963831632
25

1
  nnnn yxyx  

  335353 114931876838316256
5

1
  nnnn yxyx  

  234353 1876818966256632
40

1
  nnnn yyyy  

 

2.4. Each of the following expressions is a biquadratic integer. 

 

  301562563964
5

1
22224444   nnnn yxyx  

  90156154839387
15

1
32225422   nnnn xxxx  

  90015615324393831
150

1
42226444   nnnn xxxx  

  150156252839632
25

1
32225444   nnnn yxyx  

  147015625024396256
245

1
42226444   nnnn yxyx  
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  150154825638764
25

1
22324454   nnnn yxyx  

  147015324256383164
245

1
22424464   nnnn yxyx  

  240252825663264
40

1
22324454   nnnn yyyy  

  240025024256625664
400

1
22424464   nnnn yyyy  

  901548153243873831
5

1
42326454   nnnn xxxx  

  3015482528387632
5

1
32325454   nnnn yxyx  

  1501548250243876256
25

1
42326454   nnnn yxyx  

  3015324256243831632
25

1
42426464   nnnn yxyx  

  30153242562438316256
5

1
42426464   nnnn yxyx  

  2402502425286256632
40

1
32425464   nnnn yyyy  

 

2.5.Each of the following expression is a quintic integer. 

 

  1133335555 3906401953203964
5

1
  nnnnnn yxyxyx  

  2143336555 3903870195193539387
15

1
  nnnnnn xxxxxx  

  3153337555 3903831019519155393831
150

1
  nnnnnn xxxxxx  

  2143336555 3906320195316039632
25

1
  nnnnnn yxyxyx  

  3553337555 3906256019531280396256
245

1
  nnnnnn xxyxyx  

  1233435565 3870640193532038764
25

1
  nnnnnn yxyxyx  

  3233435575 6320640316032063264
40

1
  nnnnnn yyyyyx  

  1333535575 6256064031280320625664
400

1
  nnnnnn yyyyyy  

  3243437565 3870383101932191553873831
15

1
  nnnnnn xxyxxx  

  2243436565 3870632019323160387632
5

1
  nnnnnn yxyxyx  

  3253437565 3870625601935312803876256
25

1
  nnnnnn yxyxyx  

  2343536575 3831063201915531603831632
25

1
  nnnnnn yxyxyx  



          International Research Journal of Engineering and Technology (IRJET)       e-ISSN: 2395-0056 

                Volume: 06 Issue: 03 | Mar 2019                   www.irjet.net                                                                    p-ISSN: 2395-0072 

 

© 2019, IRJET       |       Impact Factor value: 7.211       |       ISO 9001:2008 Certified Journal       |     Page 2380 
 

  3253537575 3831062560191553128038316256
5

1
  nnnnnn yxyxyx  

  2343536575 6265063203128031606256632
40

1
  nnnnnn yyyyyy  

  1333535575 3831064019155320383164
245

1
  nnnnnn yxyxyx  

 

REMARKABLE OBSERVATIONS 

 

I. Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of 

hyperbolas which are presented in Table:2 below: 

Table:2 Hyperbolas 

S.NO Hyperbola (X,Y) 

1 10024 22  XY   1111 3964,138   nnnn yxxy  

2 90024 22  XY   2112 39387,798   nnnn xxxx  

3 9000024 22  XY   3113 393831,7828   nnnn xxxx  

4 250024 22  XY   2112 39632,1298   nnnn yxxy  

5 24010024 22  XY   3113 396256,12778   nnnn yxxy  

6 250024 22  XY   3221 38764,1379   nnnn yxxy  

7 24010024 22  XY   1231 383164,13782   nnnn yyxy  

8 640024 22  XY   1221 63264,13129   nnnn yyyy  

9 64000024 22  XY   1331 625664,131277   nnnn yyyy  

10 90024 22  XY   3223 3873831,78279   nnnn xxxx  

11 10024 22  XY   2222 387632,12979   nnnn yxxy  

12 250024 22  XY   3223 3876256,127779   nnnn yxxy  

13 250024 22  XY   2332 3831632,129782   nnnn yxxy  

14 10024 22  XY   3333 38316256,1277782   nnnn yxxy  

15 640024 22  XY   2332 6256632,1291277   nnnn yyyy  

 

II. Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of 

parabolas which are presented in Table: 3 below: 
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Table: 3 Parabolas 

S.N0 Parabola (X,Y)
 

1 100245 2  XY   103964,138 222211   nnnn yxxy  

2 9002415 2  XY   3039387,798 322212   nnnn xxxx  

3 9000024150 2  XY   300393831,7828 422213   nnnn xxxx  

4 25002425 2  XY   5039632,1298 322212   nnnn yxxy  

5 24010024245 2  XY   490396256,12778 422213   nnnn yxxy  

6 25002425 2  XY   5038764,1379 223221   nnnn yxxy  

7 24010024245 2  XY   490383164,13782 224231   nnnn yxxy  

8 64002440 2  XY   8063264,13129 223221   nnnn yyyy  

9 64000024400 2  XY   800625664,131277 224231   nnnn yyyy  

10 902415 2  XY   303873831,78279 423223   nnnn xxxx  

11 100245 2  XY   10387632,12979 323222   nnnn yxxy  

12 25002425 2  XY   503876256,127779 42322   nnnn yxxy  

13 25002425 2  XY   503831632,129782 324232   nnnn yxxy  

14 100245 2  XY   1038316256,1277782 424233   nnnn yxxy  

15 64002440 2  XY   16106256632,1291277 424232   nnnn yyyy  

           
 

3. CONCLUSION 

In this paper, we have presented infinitely many integer solutions for the Diophantine equation, represented by hyperbola is 

given by 2038 22  yx  .  As the binary quadratic Diophantine equations are rich in variety, one may search for the other 

choices of equations and determine their integer solutions along with suitable properties. 
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