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Abstract – The ternary quadratic equation given by 

  22
1223 zxyyx   is considered and searched for its many 

different integer solutions. Eight different choices of integer 
solutions of the above equations are presented. A few 
interesting relations between the solutions and special 
polygonal numbers are presented. 
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1. INTRODUCTION 
 
The diophantine equations offer an unlimited field for 
research due to their variety [1-3]. In particular, one may 
refer [4-15] for quadratic equations with three unknowns. 
    This communication concerns with yet another interesting 

equation   22
1223 zxyyx   representing 

homogeneous quadratic equation with three unknowns for 
determining its infinitely many non-zero integral points. 
Also, few interesting relations among the solutions are 
presented. 
 
2. Notations 
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3. Method of Analysis: 

The ternary quadratic diophantine equation to be solved for 
its non-zero distinct integral solution is 

                     22
1223 zxyyx                      (1) 

Note that (1) is satisfied by the following non-zero integer 
solutions. 

 2222 5,8102,12 baabbaab  , 
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459,1212024

,729018

BAABBA

ABBA
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24549,168630126

,308560112

BAABBA

ABBA
, 

 2222 5,12,8102 baababba  ,
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40581,792630126

,1081080216

BAABBA

ABBA
, 















2222

22

2205441,47882520504

,151256701134

BAABBA

ABBA
 

 
However, we have solutions for (1), which are 
illustrated below:  

Introduction of the linear transformations  0 vu  

                    vux  , vuy                                 (2)               

   in (1) leads to  

                    
222 65 zvu                                     (3) 

Different patterns of solutions of (1) are presented below. 

3.1. PATTERN-1 

Write ‘6’ as 

    51516 ii                                        (4) 

Assume 
22 5baz                                         (5) 

where  a  and  b  are non- zero distinct integers. 

Using (4) and (5) in (3), we get  

      22222 551515 baiivu    

Equating the positive and negative factors, the resulting 
equations are 



          International Research Journal of Engineering and Technology (IRJET)       e-ISSN: 2395-0056 

                Volume: 06 Issue: 03 | Mar 2019                   www.irjet.net                                                                    p-ISSN: 2395-0072 

 

© 2019, IRJET       |       Impact Factor value: 7.211       |       ISO 9001:2008 Certified Journal       |     Page 2384 
 

   25515 biaiuiv                           (6) 

   25515 biaiuiv                           (7) 

Equating real and imaginary parts in (6), we get 

abbau 25 22   

abbav 105 22   

Substituting the values of  u  and v  in (2) we get, 

  abbabaxx 8102, 22                         (8) 

  abbayy 12,                                             (9) 

Thus (8), (9) and (5) represent the distinct non-zero integral 
solutions of (1) in two parameters. 

PROPERTIES: 

      2mod02Pr241,1, ,4,3  aaa ttayax  

        3mod023Pr2341,1,1, ,4,3  aaa ttazayax

 

    5mod0Pr1041, ,4  aataaz  

3.2. PATTERN-2 

 Write ‘6’ as 

                           
  

9

5757
6

ii 
            (10) 

Using (5) and (10) in (3), we get 

         
   22222 5

9

5757
5 ba

ii
vu 


  

Equating the positive and negative factors, the resulting 
equations are 

  
  25

3

57
5 bia

i
uiv 


                 (11) 

  
  25

3

57
5 bia

i
uiv 


                     (12) 

Equating real and imaginary parts in (11), we get 

 abbau 145
3

1 22   

 abbav 10357
3

1 22   

Replacing a and b by A3  and  B3  respectively, we get 

 ABBAu 126459
3

1 22 
 

 ABBAv 9031563
3

1 22   

Substituting the values of  u  and v  in (2) we get, 

 

  









ABBABAyy

ABBABAxx

729018,

1212024,

22

22

                             (13)           

and from (5)    22 59, BABAzz                           (14) 

Thus (13) and (14) represent the distinct non-zero  integral 
solutions of (1) in two parameters. 

PROPERTIES: 

      3mod087174Pr75,1,1 ,4,3  aaa ttazax  

      2mod090Pr90121,11,1 ,4,3  aaa ttayax  

     2727Pr2790,1,1 ,4,3  aaa ttayaz  is 

a cubical integer. 

3.3. PATTERN-3 

 Write ‘6’ as 

                           
  

49

517517
6

ii 
                  (15) 

Using (5) and (15) in (3), we get 

         
   22222 5

49

517517
5 ba

ii
vu 


  

 Equating the positive and negative factors, the resulting 
equations are 

  
  25

7

517
5 bia

i
uiv 


                               (16) 

  
  25

7

517
5 bia

i
uiv 


                               (17) 

Equating real and imaginary parts in (16), we get 
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 abbau 108517
7

1 22   

 abbav 345
7

1 22   

Replacing a and b by A7  and  B7  respectively, we get 

 ABBAu 4904165833
7

1 22 
 

 ABBAv 166624549
7

1 22   

Substituting the values of  u  and v  in (2) we get, 

 

  









ABBABAyy

ABBABAxx

308560112,

168630126,

22

22

                    (18) 

and  from    22 549, BABAzz                         (19) 

Thus (18), and (19) represent the distinct non-zero  integral 
solutions of (1) in two parameters. 

PROPERTIES: 

      5mod0917Pr19181,1, ,4  aa taazaay  

      3mod0217Pr217770,1,1 ,4,3  aaa ttazax  

       119mod0Pr1403781,1,10 ,4  aatayax  

is a cubical number. 

3.4. PATTERN-4 

One may write (3) as 

                 1*65 222 zvu                             (20) 

Write ‘1’ as 

             
  

9

5252
1

ii 
                                 (21) 

Using (4), (5) and (21) in (20), we get 

    
      22222 5

9

5252

49

517517
5 ba

iiii
vu 


  

Equating the positive and negative factors, the resulting 
equations are 

  
    25

3

52

7

517
5 bia

ii
uiv 


                 (22) 

  
    25

3

52

7

517
5 bia

ii
uiv 


              (23) 

Equating real and imaginary parts in (22), we get 

 abbau 589519
21

1 22   

 abbav 19014529
21

1 22   

Replacing a and b by A21  and  B21  respectively, we get 

 ABBAu 22578418958379
21

1 22 
 

 ABBAv 837906394512789
21

1 22   

Substituting the values of  u  and v  in (2) we get, 

 

  









ABBABAyy

ABBABAxx

5201050210,

277250401008,

22

22

                           (24) 

 and from    22 5441, BABAzz                           (25) 

Thus (24), and (25) represent the distinct non-zero  integral 
solutions of (1) in two parameters. 

PROPERTIES: 

        7mod015960315,1,1,1 ,3,4  aa ttazayax

 

      3mod0Pr1770386941,1, ,4  aataazaax

 

      3mod04977Pr49774621,1, ,4,3  aaa ttazay

 
3.5. PATTERN-5 

           
222 65 zvu       

            2222 5 zuvz   

               zuzuvzvz  5                          (26) 

Equation (26) is written in the form of ratio as  
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0,
5










q

q

p

vz

zu

zu

vz
                                          (27) 

From the First and third factors of (27), we have 

   
  q

p

zu

vz






5
 

        05  pvuqvz                               (28) 

From the second and third factors of (28), we have  

       
  q

p

vz

zu





  

          0 pvzqzu                                   (29) 

Applying the method of cross multiplication for solving (28) 
and (29), 

                pqqpu 25 22   

                pqqpv 105 22   

                 
225 qpz   

Substituting the values of  u  and  v   in (2) we get  

              
 
  








pqqpyy

pqqpqpxx

12,

8210, 22

             (30) 

Thus (30) along with the value of z  represent the integer 
solutions to (1)  

PROPERTIES: 

      5mod056Pr5,1,1 ,4,3  aaa ttazax  

        1mod0201,1,1, ,4  ataazaayaax  

      1mod07241,1, ,4,3  aa ttazay  

3.6. PATTERN-6 

            2222 6 uzuv   

               uzuzuvuv  6                     (31) 

One may write equation (31) in the form of ratio as  

  
 

0,
6










q

q

p

uv

uz

uz

uv
                                 (32) 

From the First and third factors of (32), we have 

   
  q

p

uz

uv






6
 

      066  zpvqpqu                                         (33) 

From the second and third factors of (32), we have  

         q

p

uv

uz





 

        0 zqvppqu                                            (34) 

Applying the method of cross multiplication for solving (33) 
and (34), 

                
226 qpu   

                pqqpv 126 22   

                 pqqpz 26 22   

Substituting the values of  u  and  v   in (2) we get  

              
 

  









pqqqpyy

pqpqpxx

122,

1212,

2

2

                    (35) 

Thus (35) along with the value of z   represent the integer 
solutions to (1)  

PROPERTIES: 

      2mod010Pr281,1, ,4  aa taayaax  

    3mod0381,1 ,4,3  aa ttaz  

     0Pr1411,1,1 ,4  aatazay  is a nasty 

number. 

3.7. PATTERN-7 

Equation (3) is written in the form of ratio as  

  
 

 
0,

3

2










q

q

p

vu

zu

zu

zu
                         (36) 

From the First and third factors of (32), we have 
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  q

p

vu

vu






2
 

      022  zpvqpqu                          (37) 

From the second and third factors of (36), we have  

       
 
  q

p

vu

zu




3
 

        033  zqvppqu                        (38) 

Applying the method of cross multiplication for solving (37) 
and (38), 

                
22 32 qpu   

                pqqpv 1232 22   

                 pqqpz 232 22   

Substituting the values of  u  and  v   in (2) we get  

              
 

  









pqqqpyy

pqpqpxx

126,

124,

2

2

               (39) 

Thus (39) along with the value of z  represent the integer 
solutions to (1)  

PROPERTIES: 

    3mod06Pr1, ,4,3  aaa ttaaz  

       035Pr26,1,1,1 ,4  aa tazayax is a 

nasty number. 

      3mod012201,1, ,4,3  aa ttaxaz  

3.8. PATTERN-8 

Equation (3) can be written as  

           
222 56 uvz                                                  (40) 

Assume  
226 bau                                              (41) 

Write ‘5’ as 

  16165                                                   (42) 

Using (41), (42) in (40) and employing the method of 
factorization the above equation (40) is written as  

           16166666
22

 babavzvz  

Equating positive and negative factors, the resulting 
equations are 

     1666
2

 bavz                               (43) 

     1666
2

 bavz                                (44) 

Equating rational and irrational parts in (43), we get 

      abbav 126 22   

      abbaz 26 22                                     (45) 

Substituting the values of  u   and  v   in (2) we get 

            ababaxx 1212, 2                          (46) 

            abbbayy 122, 2                      (47) 

    Thus (45), (46) and (47) represent the distinct non-zero 
integral solutions of (1) in two parameters. 

PROPERTIES: 

      2mod026Pr281,11,1 ,4  aa tayax  

     0209,1,1 ,3,4  aa ttazay  is a nasty 

number. 

    1mod05Pr5181, ,4,3  aaa ttaaz  

4. REMARKABLE OBSERVATIONS: 

Let  
000

,, zvu  be any given integer solution of (3), 

Then, each of the following triples of non-zero distinct 

integers based on 
000

,, zvu  also satisfies (1). 

 
4.1. Triple 1:  hzvhu 

000
,,  

 
Here,  
 

      
000

1211210112
2

1
vzux

nn

n


      
000

1211210112
2

1
vzuy

nn

n


      
00

1211010110
2

1
zuz

nn

n
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4.2. Triple 2:  
000

6,6,6 zvhuh   

          Here, 

          
00

686468620
36

1
vux

nnnn

n


       
00

612112
2

1
vuy

nn

n
   

06 zz n

n   

4.3. Triple3:  hzhvu 
000

8,8,8  

 
Here, 
 

 
000

96616
632

1
8 zBvAux

nn

n

n


 
000

96616
632

1
8 zBvAuy

nn

n

n
         

 
00

61616
632

1
zAvBz

nnn
  

   where      nn

n
A 6164061640   

          nn

n
B 6164061640   

4.4. Triple 4:  hzvhu 
000

3,3,3  

             Here,        

 
000

336306
3012

1
vzBuAx n

nnn


 
000

336306
3012

1
vzBuAy n

nnn


  00 30630
3012

1
zAuBz nnn   

Where      nn

n
A 3063330633   

                 nn

n
B 3063330633   

5. CONCLUSION 
 

In this paper, we have presented infinitely many non-zero 
distinct integer solutions to the ternary quadratic equation 
 

               22
1223 zxyyx     

 
representing a homogeneous cone. As diophantine equation 
are rich in variety, to conclude, one may search for other 

forms of three dimensional surfaces, namely, non-
homogeneous cone, paraboloid, ellipsoid, hyperbolic 
paraboloid and so on for finding integral points on them and 
corresponding properties. 
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