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1. Introduction

The graphs considered here are all finite, non-trivial, undirected and connected simple graph. As usual n and m
denote the number of vertices and edges of a graph G. Any undefined term or notation in this paper can be found in [1, 2]. The
degree of avertex v inagraph G denoted by degv is the number of edges of G incident with v. For each vertex v €V,
the open neighborhood of v istheset N(v) containing all the vertices u adjacentto v. A vertex of a degree one is called a
pendant vertex.

The extensive study of dominating sets in graph theory began around 1960. In 1977, Cockayne and Hedetniemi
extensively surveyed the results of dominating sets in graphs. The concept of domination in graphs has attracted many
researchers in graph theory and many domination parameters like total, connected, paired domination were defined and
studied in last few decade. The reader is referred to [4, 5, 6, 15] for survey or results on domination.

Aset SCV(G) iscalled a dominating set of G if each vertex of V —S is adjacent to at least one vertex of S. The
domination number of a graph G denoted as y(G) isthe minimum cardinality of a dominating setin G [3].

The concept of a pendant domination number and complementary pendant domination number of graphs are defined as
follows:

Definition 1.1 [9] A dominating set S in G is called a pendant dominating set if (S) contains at least one pendant vertex. The
minimum cardinality of a pendant dominating set is called the pendant domination number denoted by v,.(G).

Definition 1.2 [10] A dominating set S in G is called a complementary pendant dominating set if (V —S) contains at least
one pendant vertex. The minimum cardinality of a complementary pendant dominating set is called the complementary pendant
domination number of G, denoted by ¥,q(G).

For more details on the pendant domination number see [11, 12].

In this work, we investigate pendant domination number of splitting graph of path, cycle, star, double star and complete
bipartite graph and we discuss pendant domination number of some graphs. We also identify complementary pendant
domination number of some graphs.
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2. Main results

We now proceed to compute ¥,.(G) and y.,q(G) for some graphs.

Definition 2.1 [13] For a graph G the splitting graph S',(G) of a graph G is obtained by adding a new vertex v'
corresponding to each vertex v of G such that N(v) = N(v"), where N(v) and N(v") are the neighborhood sets of v and
v, respectively.

Theorem 2.1 For any path P, oforder n = 3, the following cases are obtained

g. if n=0(mod 4) ;

IE] +1, if n=1(mod 4) ;
Yoe (Sp(P)) = %_|_ 1, if n=2(mod 4) ;

IE], if n=3(mod 4).

Proof. Let {vy,v,,v3,...,v,} be the vertex set of a path B, and {u;,u,,us,...,u,} be the new vertices corresponding to
{v1,v2,v3,...,v,} which are added to obtain S,(B,). The graph S,(Pg) is shown in Figure 1 for better understanding of the

notation and arrangement of vertices. We consider the following cases:

Case 1:If n =0 (mod 4), then n =4k and k> 1.
Consider S = {V;,4i,V344:,0 < < k — 1} isapendant dominating setof S,(B,) suchthat |S| = g

We arrange the set S to a minimal pendant dominating set, each v,,,; is adjacent with vy 4i, V3y4i, Ui4sa; aNd Uziy;. If

Vy44; isremoved from set S, then the following vertices v;,,; and v3,4; also, u;,4; and us,,; arenotdominated by any

vertex. Thus § isa minimal pendant dominating set with minimum cardinality. Then, ¥,.(S,(F,)) = g

Case 2:If n=1(mod4), then n=4k+1 and k> 1.

Assume that § = {v,14,V344;,0 <i <k — 1} U {v,,u,} is a pendant dominating set of S,(P,) such that |S|= [g] + 1. Itis
clear that S is minimal pendant dominating set. Then, ¥,.(S,(P,)) = [%] +1.

Case 3:If n =2 (mod4), then n=4k+2 and k> 1.

Consider S = {V;14;,V344;,0 <1 < k—1}U {v,_;,v,}, is a pendant dominating set of S,(B,) such that [S]|= §+ 1. We

claim that set S is a minimal pendant dominating set. One can observe that each v;,4;, Vsys4i, Ui4s; and us,,; are
adjacent to v,,4; and by removal of v,,,; from set S. The following vertices say Vi, 4 and Vi, also uj,,; and us,y;

are not dominated by any vertex of S. Therefore, ,.(S,(B,)) = % +1.
Case4:If n=3(mod4), then n=4k+3, and k> 1.

Assume that S = {v;14;,V314;,0 <1 < k} isapendant dominating set of S,(P,) suchthat S| = [g]. We will show that S is

minimum. Since N(Vz44:) = {V1+ai, Va4ai Ur+ai Uzsai} ANd N(V314:) = {Vorais Vasair Uz+ai Ugrai} and removal of v,,,; the

vertices v;,4; and uy.,; are not dominated by any vertex of S. Hence, S is a minimal pendant dominating set with
P . . n

minimum cardinality. Then, y,.(S,(F,)) = [;].
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Figure 1: S,(Fs)

Remark 2.1 For any path P, oforder n =3 then, Vye(Sp(Ph)) = Vepa(Sp(Bo))-

Theorem 2.2 For any cycle C, oforder n = 3 then,

> if n=0(mod 4) ;

B E +1, if n=1(mod 4) ;
Yoe (5o (Cn)) = %+ 1, if n=2(mod 4) ;

['2—‘1, if n=3(mod 4).

Proof. Let wv;,v,,vs3,...,v, be the vertices of cycle C, and wuy,u,us...,u, be the vertices corresponding to
V1,7V, V3,...,V, thatare been added to obtain S,(C,). The graph S,(Cg) is shown in Figure 2 for better understanding of the

notation and arrangement of vertices. To prove the result, the following four cases are considered:

*if n=0 (mod 4), then n =4k and k = 1.
S ={vssa0 V3240 =i <k —1}|5| =

M_|;:|

*lf n=1 (mod 4), then n =4k +1 and k = 1.
S ={Voysi,Vara 0 =i <k —1}U {v,, u,}, |5 = r§1 + 1.

*lf n=2 (mod 4), then n =4k +2 and k = 1.
S={vipaiVasa, 0= i<k —1}U{v,_1, v, }

5|=§+1.

*if n=3 (mod 4), then n=4k+3 and k = 1.
5 ={voysu V34400 =i =k}, |5]| = E]

We claim that each S is a minimal pendant dominating set of S,(C,). Because each v,.,; is adjacent to v;.y;
Vgyair Upesi and usgy;. If v,4,; is removed from set S, then wu;,,; and us,,; arel not dominated by any vertex of S.
Then S is a minimal pendant dominating set with minimum cardinality. Therefore, we get the result.
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Figure 2: S,(C%)

Theorem 2.3 For a star graph S;,_1 we get, Vpe(Sp(Sin-1)) = 2.

Proof. Let v,vy,v,,...,v,_1 be the vertices of star S;,_; and u,u;,u,,...,u,_; be the vertices corresponding to
V,Vy,Vy,...,Vp-1 are added to obtain S,(S;,-1). Suppose S ={v}U{v;}, 1<i<n-—1 isa pendant dominating set such
that |S| =2 and consider S is a minimum pendant dominating set. To show that S is minimal pendant dominating set, we
note that N(v) = {v1,v,,...Vp_1, Uy, Uy,..., U1} and N(v;) = {u,v}, and by removal of v, no vertex in S will dominate
the following vertices {vy,v,,...v,_1, Uy, Uy, ..., Uy_1}. Also, by removal of {v;}, 1 <i<n-—1 of §,thevertex {u} will not
be dominated. So, S is a minimum pendant dominating set of S,,(S;,—1). Then ¥,.(S,(S1-1)) = 2.

Theorem 2.4 For a double star S, ,, we obtain, ¥,¢(S,(Spm)) = 2.

Proof. Let v,vy,V,,...,Vy, U, Us, Uy, ..., Uy, be the vertices of double star S,, and v',v';,v',,..., v, v, u'y,u'5,..., 'y, be
the vertices corresponding to v,vq,v5,..., Vp, WUy, Uy, ..., U, Which are added to obtain S,(S, ). Suppose S = {u,v} isa
pendant  dominating set, then consider S as a minimum pendant dominating set.  Since
NW) ={u,v,,05,...05, V', V'5,..., V") and N(u) = {V, uq, uy, ... U, W', U5, o, U}

If v isremoved of S,the vertices {vy,v,,...0,,V'1,V'5,...,v'z} and {u'} will not be dominated by any vertex of S.
Also If u is removed of S, the vertices {uq,uy,... Uy, u'y,u'5,...,u"n} and {v'} will not be dominated by any vertex of S.
So, § isaminimum pendant dominating set of S, (Spm). Then ¥,.(S,(Snm)) = 2.

Theorem 2.5 For a bipartite graph K, we obtain, Vpe(Sy(Knm)) = 2.

Proof. Let uj,Uy,...,Uy, Vg, V..., Uy be the vertices of bipartite graph K, ,, and u'y,u',,...,u",, vy, v5,..., V", be the
vertices corresponding to uy, Uy, ..., Up, Vy, Vy,..., Uy are added to obtain S, (K, ). Consider S is a pendant dominating set
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of any two vertices of K., such that the first vertex of the partite V and the second vertex from the partite U, this means
that we can choose any two vertices as follows: S = {u;,v;} and |S| = 2. Now we consider S is a minimum pendant
dominating set. Since N(u;) = {v1, V5, ...V, V', V'5,..., V' m} and N(vy) = {ug, uy,... uy, u'y,u'5, ..., 0", 3

If u, is removed of S, the vertices {vy,v,,...Vy, V'1,V'5,...,v" ]} will not be dominated by any vertex of S. Also If v, is
removed of S, the vertices {u;,uy,...u,,u'y,u'5,...,u’,,} will not be dominated by any vertex of S. So, S is a minimum
pendant dominating set of S,(K,,). Then y,.(S,(Kypm)) = 2.

Definition 2.2 [2] The Cartesian product G X H of graphs G and H has V(G) X V(H) as its vertex set and (u;,u,) is
adjacent to (vy,v,) Iifeither uy = v, and u, isadjacentto v, or u, = v, and u, isadjacentto v, .

Theorem 2.6

2] + 1.if n=o0(mod 3) ;
Yoo (K2 X By) = [2“3‘11, if n=1(mod 3) ;

IE'I + 2, if n=2(mod 3).

Proof. Let P, be a path with vertices v;,v,,...,v, and complete graph K, with vertices u,,u,, we denote vertices (u,,v;)
by wy;, 1<i<n and (u,v;) by wy, 1<i<n. The graph K, X P, is shown in Figure 3. The following cases are
considered:

sif n=0 (mod 3),n=3k and k =1,
S ={wis3ipWazsspn 0 =1 <k} S| = f;l] + 1.

*ifn=1 (mod 3),n=3k+1 and k =1,
. 2n=1
S ={wyira+3p Waz+3ip 0 = i < kU {w, LIS =T 3 ]

*if n=2 (mod 3),n=3k+2 and k =1,
S ={wis3ipWazesn 0 =1 <k} S| = f;l] + 2.

In all the above cases, S is a pendant dominating set of K, X B,. If any vertex of S is removed, there exist some
vertex that will not be dominated by any vertex of S. So, S is a minimum pendant dominating set and this completes the
proof.

Wiy Wiz wis Wi(n—1) Win

Way Waz Uraa U3 (m—1)

Figure 3: Ko = F,
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Theorem 2.7

Z :

?ﬂ. if n=0(mod 3) ;
Zn—1

1, if n=1(mod 3) ;
if n=2(med 3).

T‘pe(KE X Cn) = [
In+2
3 ]

Proof. Let C, be a cycle with vertices v,,v,,...,v, and complete graph K, with vertices u;,u,. We denote vertices
(uy,v;) by wy;, 1<i<n and (u,v;) by wy, 1<i<n.Thegraph K, X C, is shown in Figure 4. We consider a subset
S of V(K, xC,) asbelow:

*If n=0 (mod 3), then n =3k and k = 1.
5 = {Wia43ip Wazean), 0 S 1 <k} |S] = ;_n

*If n=1 (mod 3), then n=3k+1 and k = 1.
. Zn-=1
5 ={wize3ipWarzeaip 0 2 i < kU {w, 1L |S| =T 2 1.

*If n=2 (mod 3), then n=3k+2 and k = 1.
5| =

In+2
3

5 = {Wiaaip Wazean, 0 S 1 Sk},

The proof of minimality of S is similar to that of the Theorem 2.6.

Figure 4: K5 = O,

Definition 2.3 [2] The line graph L(G) of G has the edges of G as its vertices which are adjacent in L(G) if and only if the
corresponding edges are adjacentin G.
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Definition 2.4 [8] The middle graph M(G) ofagraph G is the graph whose set of vertices is the union of the set of vertices and
edges of G in which two vertices are adjacent if they are adjacent edges of G or one is a vertex of G and other is an edge of G
incident with it.

Theorem 2.8 If M(P,) isa middle graph of path P,, then

E+1’ if n is even :
Vpe (M(Py)) =14
[E], if n is odd.

Proof. Let V(M(PB,)) = {wy,wy,...,wp_1} U {vy,v,,..., 1, }. We consider two cases:

Case 1: If n is even, we consider S = {w;,w,, w,, We, Wg,...,W,_,,W,_,} a pendant dominating set of M(B,) such that
S| = g + 1.Let S be a minimum pendant dominating set. If w; or w,_; areremoved from set S, then none of the vertices

inset S will dominate the vertices v; and v,.Hence, S is minimum pendant dominating set. Therefore,y,.(M(B,)) = g +
1.

Case 2: If n is odd, consider = {w;,w,, w,, wg,wg,...,W,_3,W,,_1} a pendant dominating set of M(B,) such that |S| = [g].
To show that S is minimum pendant dominating set. If w, or w,_; are removed from set S, then none of the vertices in
set S will dominate vertices v3,v,_, and v,_3.50, Vpe(M(F,)) = [g].

Remark 2.2 If M(B,) isa middle graph of path P, then, y,o(M(P,)) = Vcpa(M(F,)).

Theorem 2.9 If y,.(M(C,) is a pendant domination number of middle graph of cycle C,, then we obtain the following results,

[F1+1, if n=0(mod 3) ;

ype{M(Cn)) = [?-la I‘f n= l(m-:ad 3) H

222, if n=2(mod 3).

3

Proof. Let V(M(C,)) = {wy,w,,...,w,} U {vy,v,,...,1,}. We have the following cases:

*If n=0 (mod 3), then n=3k and k =1,
5 ={wisz,Ways3, 0= i<k}, |5]|= [%] + 1.
*lf n=1 (mod 3), then n=3k+1 and k = 1,

. In=1
S={wisz,Was3, 0 =i < k}U {1}, |5| = 2 1.
*If n=2 (mod 3), then n=3k+ 2 and k = 1,

. In-2
S={wiiziWasz, 0 =i < k}U{w,_,} |S| =] “3 1.

In all the above cases, S is a pendant dominating set of M(C,). To show that S is minimum, let w;,3; or w,,s;
be removed from set S, such that no vertex in set S dominates vertices v,,;;. Hence, S is a minimum pendant dominating
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setof M(C,). Hence, we get the result.

Definition 2.5 [7] A firefly graph Fgin_25-2¢-1(s 2 0,t = 0and n — 2s — 2t — 1 = 0) is a graph of order n that consists of s
triangles, t pendant paths of length 2 and n — 2s — 2t — 1 pendant edges sharing a common vertex.

Theorem 2.10 Let ¥y (Fstn—2s-2t-1) be a pendant domination number for a firefly graph. Then the following cases satisfies,

2, if s=0, t=0, n—1=0;

t+1, if s=0, t >0, n—2t—1>=10
Yoe(Fopm-2s—20-1) = 1 2, if s=0, t=0  n—2s—1>0;

t+1, if s=0, t =0, n—25s—2t—1>=0.

Proof. Let {, be the set of all firefly graphs Fs;n_25-2¢-1(s 2 0,t 2 0and n —2s — 2t — 1 = 0) which is shown in Figure 5
below. Let u be the common vertex of Fg;,_»s_5¢—1. We have the following cases:

Case 1:1If s =0,t =0, then Fyg,_1 = S;,_1. Therefore, y,.(Foon-1) = 2.
Case 2: If s=0,t >0, then consider S ={u,r,1,733,...,7}, and |S| =t + 1. The vertices {ny,n,,...,M,_25_2r_1} are
dominated by the vertex u and if we remove r; from S, the vertex r;; is not dominated. So, S is a minimum pendant

dominating set.

Case 3: If s>0,t =0,n—2s—1> 0, then assume S = {u,z;,}. It is clear that S is a minimum pendant dominating set.
Therefore, |S| = 2.

Case4:If s> 0,t > 0,n—2s—2t—1 > 0.In this case, the proofis similar to case 2. Hence, |S|=1t+ 1.

Mp—2s—2¢—1
12

~ T
a1 & 11

Theorem 2.11 If v pq(Fstn—25-2¢-1) IS a complement pendant domination number of firefly graph, then

F"Pd(FE-I.J‘l—EE—EE—l} =t+1.
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Proof. Consider S = {u,1,1,,...,71¢} is complementary pendant dominating set of Fg;,_»s_»;—1 such that |S|=t+1 and
(V—=S)=sK, UtK, U (n—2s — 2t — 1)K;. Suppose the vertex {u} is removed from set S, then none of the vertices in S
will dominate the following vertices ny,n,,..., My 25_2t—1, Z11, Z21, Z12» Z22, - - - » Z15» Z25- Lhis shows that, set S is a minimum
complementary pendant dominating set of F;,_,s_.—1. Hence the proof.

Definition 2.6 [14] A broom graph B,, consists of a path ny; with d vertices, together with n —d pendant vertices all
adjacent to the same end vertex of ny

Theorem 2.12 For a broom graph B, 4, the following cases satisfies,

S+1,  if d=0(mod 3);
Vepa(Bra) =4 +1, if d=1(mod 3)
—+1, if d=2(mod 3).

Proof. Let V(B g4) = {ug, Uy, ..., Ug, Wy, Wy,...,Wn_q} such that uy,u,,...,uy is a path on d vertices and wy,wy,...,w,_q4
are pendant vertices that are adjacent to u,;. We consider the following cases:

Case 1: If d =0(mod3),d =3k, and k= 2. Consider S ={u,,3;,0<i<k}U{uy}, is a complementary pendant

dominating setand |S| = g + 1.

Case 2: If d=1(mod3),d =3k+1 and k=>1. Consider S = {u,,5;,0 <i<k}U{u;} is a complementary pendant
dominating setand |S| = % + 1.

Case 3: If d=2(mod3),d=3k+2, and k > 1. Consider S = {u,,3;,0 <i<k}U{u,} is a complementary pendant
dominating setand |S| = ? + 1.

In all the above cases, it is clear that S is a minimum complementary pendant dominating set, removal of any vertex from S
in all cases leads to non domination of some vertex of B,, ;. Hence the proof.

Theorem 2.13 Let K,, 1 bea star with n = 3, and let G, be a spider graph which is constructed by subdividing each edge
oncein Ky, , asinFigure 6. Then, y.,q(G,) =n—1.

Proof. Let G, be a spider graph with |V(G,)|=2n—-1 and |E(G,)| =2n—2. Consider S = {v;,u,,usz,...,u,_41} a
complementary pendant dominating set of G, such that |S|=n—1 then, (G, —S)=K,U(n—2)K;. Hence S is a
minimum complementary pendant dominating set. Therefore, Yepa GH)=n-1.
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