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promising to a broad class of linear and non-linear problems. The result of differential transform method is in good 

agreement with those obtained by using already existing ones. The differential transform method appeared to be effective, 

reliable, easy and flexible for finding the solutions for such type of initial value problems. DTM is an analytical & numerical 

method for solving a wide variety of numerical differential equations and usually gets the solution in series form. 
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1. Introduction 

  

Many problems of different fields like engineering, physics and geology are described by ordinary or partial differential 

equations with appropriate value problems. The differential transform method is very effective and powerful tool for 

solving various kinds of differential equations. Zhou introduced the basic idea of DTM in 1980, to solve linear and non-

linear initial value problem that applies in electrical circuits. DTM is an iterative procedure for obtaining analytical Taylor 

Series solution of differential equations. The Taylor series method computationally takes long time for large orders. The 

main advantage of this method is that this can be applied directly to differential equations without recurring linearization, 

discretization. 

 

2. Differential transform method (DTM): 

  

Differential transform of the function y(x), is defined as follows: 

 

……………………………………………………………………………(1) 

 

and inverse differential transform of Y(k) is defined by: 

 

  ………………………………………………...........………………...............…(2) 

   

Based on the above definitions, the fundamental operations of differential transform method as shown below: 

                                   

3. One dimensional differential transformation: 

 

3.1. If y(x) = w(x) ± z(x), then, Y (k) = W (k) ± Z (k) 

 

3.2. If y(x) = c w(x), then, Y (k) = c W (k), where “c” is constant. 

 

3.3. If y(x) = (dw(x))/dx, then, Y (k) = (k+1) W (k). 

 

3.4. If y(x) = (d^m w(x))/ (dx^m), then, Y (k) = (k+1) (k+2) -------- (k+m) W (k+m). 

 
---------------------------------------------------------------------------***----------------------------------------------------------------------------
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3.5. If y(x) = 1, then Y (k) =δ (k). 

 

3.6. If y(x) = x, then Y (k) = δ (k-1). 

 

3.7. If y(x) = w(x) z(x), then, Y (k) =∑  ( )  (   ) 
   . 

 

3.8. If y(x) =  , then Y (k) =  (k-m) = 1, if k=m  

 

                                                               = 0, if k   

Here m is non-negative integer  

 

3.9. If y(x) =   , then Y (k) =  
   

  
 , Where a is constant. 

 

3.10. If y(x) =(   ) , then Y (k) = 
  (   ) (   )     (     )

  
 

 

3.11. If y(x) = sin (wx + α), then Y (k) = 
  

  
 sin (

  

 
 + α), Here α, w are constant. 

 

3.12. If y(x) = cos (wx + α), then Y (k) = 
  

  
 cos (

  

 
 + α), Here α, w are constant. 

 

4. Numerical Applications: 

 

     In this section, we will apply Differential transform method to some initial value problem: 

 

4.1. Problem 1: 

 

       Consider the equation with initial value 

 

           
   

   
 +  

  

  
  - y  =    ,     ( ) = 

 

 
 ,    ( ) = 

 

 
   ………………………………………………(3) 

        

       Here we are taking transformation x =  ,       = t 

       Therefor equation (3) becomes with initial value 

 

 
   

   
 - y =      ,     ( ) = 

 

 
 ,   ( ) = 

 

 
……………………………………………………………(4) 

 

       Now, we apply differential transform method, on equation (4), gives: 

        (k + 1)(k + 2)Y(k + 2) - Y(k) =  
  

  
……………………………………………………………………(5) 

 

       Thus, Y(k + 2) = 
 

(   )(   )
*
  

  
  ( )+ 

       With the conditions  ( )= 
 

 
 ,   ( )  = 

 

 
       ………………………………………………………(6)      

 

       When k=0, in equation (6), then 

 

       Y (2) = 
 

(   )(   )
*
  

  
  ( )+ = 

 

 
*  

 

 
+=
 

 
 

 

       When k = 1, in equation (6), then  
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       Y (3) = 
 

(   )(   )
*
  

  
  ( )+ = 

 

( )( )
*    

 

 
+ = 

  

  
   …………………………………………… (8) 

 

       When k = 2, in equation (6), then  

 

       Y (4) = 
 

(   )(   )
*
  

  
  ( )+ = 

 

( )( )
*
  

 
  

 

 
+ = 

  

  
……………………………………………… (9) 

 

       We have Y (2) =
 

 
  , Y (3) = 

  

  
 , Y (4) =

  

  
 , ……………… 

 

       Then, we have following solution to initial value problem: 

 

       y(t) = ∑     ( ) 
    ………………………………………………………………………………(10) 

 

       =    ( ) +    ( ) +    ( ) +    ( ) +    ( ) + o (  ) 

  

       i.e. y(t) = 
 

 
+   (

 

 
)  +     (

 

 
) +    (

  

  
) +    (

  

  
) + …………….. 

 

       y(t) = 
 

 
  + 

 

 
   +  

 

 
  +

  

  
  +

  

  
     (   ) + …………………………………………………….(11) 

 

 

4.2. Problem 2: 

 

Now, consider the following with initial value problem:  

 

  
   

   
 + 5 

  

  
  +     = (    )  

 

With  ( ) = 0,    ( ) =                   ………………………………………………………….… (12) 

 

Taking transformation x =    ,      , the equation (12) becomes, 

 
   

   
 + 4 

  

  
  +     = ( )  

 

With y (0) = 0,    ( ) =                 ……………………………………………………………(13) 

 

Now, we apply DTM method on equation (13) 

 

(k + 1) (k + 2) Y(k + 2)  +  4 (k + 1) Y(k+1)  +  ∑  ( ) 
    (   )=   (k-2)  ……………..(14) 

 

Thus, 

 

Y(k + 2) = 
 

(   )(   )
[    (   ) (   )  ∑  ( ) 

    (   )   (   )]               …… (15) 

 

With following conditions:     y (0) = 0, y (1) = 1        

 

Now, we find Y (2), Y (3), Y (4) ……………………. If we put k=0 in the equation (15), then  

 

Y (2) = 
 

(   )(   )
[    (   ) (   )  ∑  ( ) 

    (   )   ]  
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=   
 

 
[ (  ) ( )      ]   =   -2 ………………………………………………………………(16) 

 

If we put k=1 in equation (15), then  

 

Y(3)= 
 

(   )(   )
[    ( ) ( )   ( ) ( )   ( ) ( )   ]=

 

 
[          ]=

  

 
 ………(17) 

 

If we put k=2 in equation (15), then  

 

Y (4) = 
 

(   )(   )
[    ( ) ( )   ( ) ( )   ( ) ( )   ( ) ( )   ]= 

 
 

  
*    (

  

 
) (  )(  )  (  )( )  (  ) ( )    +=

 

  
[             ]=

   

  
  ……(18) 

 

Therefore, we have: 

 

  ( ) = -2, ( ) =  
  

 
 ,       ( ) =  

   

  
.............. 

 

Thus, its solution is: 

 

y(t) = ∑     ( ) 
   ………………………………………………………………………………(19) 

 

y(t) =      ( )      ( )      ( )      ( )       ( )   (  )   ………. 

 

y(t) =       
  

 
   

  

  
    (  )   ......……………… ……………………………………(20) 

 

4.3. Problem 3: 

 

Consider the equation with initial value problem:  

 

  
   

   
  3 

  

  
     =                                             …………………………………………(21) 

 

With initial conditions: ( ) = 1,    ( ) =    

 

 

Taking transformation x =    ,        , the equation (21) becomes, 

 
   

   
 2

  

  
     =    

 

With y (0) = 1,    ( ) =         …………………………………………………………………(22) 

 

Now, we apply DTM method on equation (22) 

 

(   1) (   2) Y(   2)   2(   1) Y(  1)      ( )=  
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Thus, 

 

Y (k + 2) = 
 

(   )(   )
*    (   ) (   )    ( )  

 

  
+        …………………………….…(23) 

 

And the initial conditions are: y (0) = 0, y (1) =  2         

 

 

Substituting these values at k =0, 1, 2, 3………….. in above equation 

 

 

Y (2) =
 

(   )(   )
*    ( ) ( )     ( )  

 

  
+=
 

 
[   (  )   ( )    ]=

 

 
  ……………………(24) 

 

 

Y (3) = 
 

(   )(   )
* (   )( )( 

 

 
 )  (  )(  )   + =    

   

 
………………………………………(25) 

 

 

Y (4) =
 

(   )(   )
*    (   ) ( )     ( )  

 

  
+=

 

  
*   (

   

 
)   (

 

 
)   

 

 
+=
  

  
 ……………(26) 

 

Y (5) =
 

(   )(   )
*    (   ) ( )     ( )  

 

  
+=

 

  
*   (

  

  
)   (

   

 
)   

 

 
+=
    

   
 …………(27)  

 

We obtained the close form solution up to N=5, so, we have: 

 

  ( ) = 
 

 
 ,       ( ) =  

   

 
 ,       ( ) =  

  

  
,  ( ) =  

    

   
 ……………… 

 

Its solution is: 

 

y(t) = ∑     ( ) 
    

 

=    ( )     ( )     ( )     ( )     ( )     ( )  O(  )  ……….……………………(28) 

 

=     (  )    ( 
 

 
 )     (

   

 
)    ( 

  

  
 )    (

    

   
)    (  )   ....... 

 

=      
 

 
   

  

 
   

  

  
    

   

   
      (  )  ............……………..….....….....……………(29) 

 

 

Conclusion 

 

In this paper we extended the applications of differential transform method which is based on Taylor series expansion, to 

construct analytical approximate solutions of the initial value problems. DTM is simple , easy to use & produce reliable 

results. 

 

References 

 

[1] Zhou.J.K. Differential transformation Method and applications for electrical circuits, Huazhong  University press, 

Wuhan, China, (1986). 

[2] E. Hesameddini, H. Latifizadeh. Reconstruction  ofvariational iteration  algorithms using  the Laplace  transform. 

International  Journal  of  Nonlinear  Sciences and Numerical  Simulation.  2009. 

 

          International Research Journal of Engineering and Technology (IRJET)          e-ISSN: 2395-0056 
           Volume: 08 Issue: 02 | Feb 2021                  www.irjet.net                                                                        p-ISSN: 2395-0072 



© 2021, IRJET         |           Impact Factor value: 7.529         |          ISO 9001:2008 Certified Journal           |          Page 549 
 

[3] A.M. Wazwaz , A reliable algorithm for obtaining positive solutions for nonlinear obtaining positive solutions for 

nonlinear boundary value problems, 2001, Comp. Math. Appl., 41:  1237-1244. 

[4] N.T. Shawagfeh, D Kaya Comparing numerical method for solutions of ordinary differential equations, Appl. Math. Lett.  

17, 323-328 (2004). 

[5] S.V Ravi Kanth and K.Aruna. Two- dimensional differential Transform method for solving linear and non-linear 

Schrodinger equations Pp 2277-2281 (2009). 

[6] FatmaAyaz, Application of differential transform method to differential-algebraic equations, Appl. Math. Comput., 152 

(2004), 649-657. 

[7] I. H. Hassan, Comparison differential transformation technique with Adomian decomposition method for linear and 

nonlinear initial value problems, Chaos, Solitons and Fractals, 36(1) (2008), 53-65.  

[8] I. Hassan , Application to differential transformation method for solving systems of differential equations, Appl. Math. 

Model., 32(12) (2008), 2552-2559. 

[9] S-Hsiang Chang, I-Ling Chang, A new algorithm for calculating one-dimensional differential transform of nonlinear 

functions, Applied mathematics and computation195,2008,799-808. 

 

 

 

 

 

 

 

 

  

 

          International Research Journal of Engineering and Technology (IRJET)          e-ISSN: 2395-0056 
           Volume: 08 Issue: 02 | Feb 2021                  www.irjet.net                                                                        p-ISSN: 2395-0072 


